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Abstract: 

 

This article is envisioned to navigate Intuitionistic Fuzzy �̂�∗Semi Connectedness in Intuitionistic fuzzy topological 

spaces. An investigative study on Intuitionistic Fuzzy ℊ̂∗Semi connected spaces, Intuitionistic Fuzzy ℊ̂∗Semi super 

connected spaces and Intuitionistic Fuzzy ℊ̂∗Semi extremely disconnected spaces is elucidated with proper explanations 

and examples. 
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I. INTRODUCTION 

 

Zadeh[8] in 1965 opened a new page in Mathematics with fuzzy sets to deal with ambiguity. Chang(1968)[2] established 

it into fuzzy topology. Atanassov[1] with his cognitive idea brought forth intuitionistic fuzzy set and later Coker[3] 

generalized it into intuitionistic fuzzy topological spaces. Pious Misser et al.,[5] recently illustrated Intuitionistic Fuzzy 

ℊ̂∗Semi Closed sets. Taking a lead from there, we proceed ahead to explore Intuitionistic Fuzzy ℊ̂∗Semi connected spaces, 

Intuitionistic Fuzzy ℊ̂∗Semi super connected spaces and Intuitionistic Fuzzy ℊ̂∗Semi extremally disconnected spaces in 

Intuitionistic fuzzy topological spaces. 

 

II. PRELIMINARIES 

 

Definition 2.1. [1] Let 𝕌 be a universal set. Then  𝔾𝔦𝔣 = { 𝕦, μ𝔾𝔦𝔣
(𝕦), υ𝔾𝔦𝔣 

(𝕦) : 𝕦 𝕌} is called as an intuitionistic fuzzy 

subset (ℐℱ𝒮 in short) in 𝕌. Here the functions μ𝔾𝔦𝔣
: 𝕌 → [0,1] and υ𝔾𝔦𝔣

: 𝕌 →[0,1] denote the degree of membership (namely 

μ𝔾𝔦𝔣
(𝕦)) and the degree of non-membership (namely υ𝔾𝔦𝔣 

(𝕦)) of each element 𝕦 𝕌 to the set 𝔾𝔦𝔣 respectively, and 0 ≤ 

μ𝔾𝔦𝔣
(𝕦)+ υ𝔾𝔦𝔣 

(𝕦) ≤ 1 for each 𝕦 𝕌. The set of all intuitionistic fuzzy sets in 𝕌 is denoted by ℐℱ𝒮s(𝕌). For any two ℐℱ𝒮s 

𝔾𝔦𝔣 and ℍ𝔦𝔣, (𝔾𝔦𝔣 ∪ ℍ𝔦𝔣)
C = 𝔾𝔦𝔣

C ∩ ℍ𝔦𝔣
C ; (𝔾𝔦𝔣∩ℍ𝔦𝔣)

C = 𝔾𝔦𝔣
C ∪ ℍ𝔦𝔣

C. 

 

Definition2.2: [1] If 𝔾𝔦𝔣 = { 𝕦,  (𝕦), υ𝔾𝔦𝔣 
(𝕦) : 𝕦 𝕌}  and ℍ𝔦𝔣 = { 𝕦, μℍ𝔦𝔣

(𝕦), υℍ𝔦𝔣 
(𝕦) : 𝕦 𝕌} be two ℐℱ𝒮𝑠(𝕌), then 

(a) 𝔾𝔦𝔣⊆ ℍ𝔦𝔣 if and only if μ𝔾𝔦𝔣
≤ μℍ𝔦𝔣

 and  υ𝔾𝔦𝔣 
(𝕦) ≥ υℍ𝔦𝔣 

(𝕦) for all 𝓍 ∈ 𝕏 , 

(b) 𝔾𝔦𝔣= ℍ𝔦𝔣 if and only if 𝔾𝔦𝔣 ⊆ ℍ𝔦𝔣 and 𝔾𝔦𝔣 ⊇ ℍ𝔦𝔣, 

(c) 𝔾𝔦𝔣
C = {  𝕦  υ𝔾𝔦𝔣

(𝕦), μ𝔾𝔦𝔣 
(𝕦) : 𝕦 𝕌 } (complement of  𝔾𝔦𝔣), 

(d) 𝔾𝔦𝔣∪ℍ𝔦𝔣 = {〈 𝕦,  μ𝔾𝔦𝔣
 (𝕦) ∨ μℍ𝔦𝔣

 (x), υ𝔾𝔦𝔣 
(𝕦) ∧ υℍ𝔦𝔣 

(𝕦)〉: 𝕦 ∈ 𝕌 }, 

(e) 𝔾𝔦𝔣∩ℍ𝔦𝔣 = {〈 𝕦,  μ𝔾𝔦𝔣
 (𝕦) ∧μℍ𝔦𝔣

 (x), υ𝔾𝔦𝔣 
(𝕦) ∨ υℍ𝔦𝔣 

(𝕦)〉: 𝕦 ∈ 𝕌 }, 

(f) (𝔾𝔦𝔣 ∪ ℍ𝔦𝔣)
C = 𝔾𝔦𝔣

C ∩ ℍ𝔦𝔣
C   and (𝔾𝔦𝔣∩ℍ𝔦𝔣)

C = 𝔾𝔦𝔣
C ∪ ℍ𝔦𝔣

C. 

(h) �̃� = 〈 𝕦, 0, 1〉(empty set) and 𝟏 ̃ = 〈 𝕦, 1, 0 〉 (whole set). 
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Definition 2.3. [3] An intuitionistic fuzzy topology (ℐℱ𝒯) on 𝕌 is a family of ℐℱ𝒮𝑠 in 𝕌, satisfying the following axioms. 

1. 0̃ , 1̃ ∈ 𝜏𝔦𝔣 

2. 𝔾𝔦𝔣 ∩ ℍ𝔦𝔣 ∈ 𝜏𝔦𝔣 for any 𝔾𝔦𝔣, ℍ𝔦𝔣  ∈ 𝜏𝔦𝔣 

3. ∪ 𝔾𝔦𝔣𝑖
 ∈ 𝜏𝔦𝔣 for any family {𝔾𝔦𝔣𝑖

 / 𝑖 ∈ 𝒥} ⊆ 𝜏𝔦𝔣. 

The pair (𝕌,𝜏𝔦𝔣) is called an intuitionistic fuzzy topological space (ℐℱ𝒯𝒮) and any ℐℱ𝒮 in 𝜏𝔦𝔣 is known as an intuitionistic 

fuzzy open set (ℐℱ𝒪𝒮) in 𝕏. The complement (𝔾𝔦𝔣
C ) of an ℐℱ𝒪𝒮 𝔾𝔦𝔣 in an ℐℱ𝒯𝒮(𝕌, 𝜏𝔦𝔣) is called an intuitionistic fuzzy 

closed set(ℐℱ𝒞𝒮) in 𝕌. In this paper, Intuitionistic fuzzy interior is denoted by 𝑖𝑛𝑡𝔦𝔣 and Intuitionistic fuzzy closure is 

denoted by 𝑐𝑙𝔦𝔣. 

 

Definition 2.4. [3] Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝒯𝒮  and 𝔾𝔦𝔣 = { 𝕦  μ𝔾𝔦𝔣
(𝕦), υ𝔾𝔦𝔣 

(𝕦) : 𝕦 𝕌 } be an ℐℱ𝒮  in 𝕏. Then the interior 

and closure of the above ℐℱ𝒮 are defined as follows: 

(i) 𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣) = ∪ {ℋ𝔦𝔣 | ℋ𝔦𝔣  is an ℐℱ𝒪𝒮  in 𝕏  and ℋ𝔦𝔣 ⊆ 𝔾𝔦𝔣} 

(ii) 𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)  = ∩ {𝒦𝔦𝔣 | 𝒦𝔦𝔣 is an ℐℱ𝒞𝒮  in 𝕏  and 𝔾𝔦𝔣 ⊆ 𝒦𝔦𝔣} 

(iii) 𝑐𝑙𝔦𝔣(𝔾𝔦𝔣
c) = (𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣))c 

(iv) 𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c) = (𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c 

 

Definition 2.5. [5] An ℐℱ𝒮 𝔾𝔦𝔣 of an ℐℱ𝒯𝒮 (𝕌, 𝜏𝔦𝔣) is called an ℐℱℊ̂∗𝓈𝒞𝒮, if 𝑠𝑐𝑙𝔦𝔣( 𝔾𝔦𝔣) ⊆ 𝒪𝔦𝔣 whenever 𝔾𝔦𝔣 ⊆ 𝒪𝔦𝔣 and 𝒪𝔦𝔣 is 

any ℐℱℊ̂𝒪 in (𝕌, 𝜏𝔦𝔣). 

 

Definition 2.4. [5] Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝒯𝒮  and 𝔾𝔦𝔣 = { 𝕦, μ𝔾𝔦𝔣
(𝕦), υ𝔾𝔦𝔣 

(𝕦) : 𝕦 𝕌 } be an ℐℱ𝒮  in 𝕌. Then 

(i) ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣) = ⋃{ℋ𝔦𝔣 | ℋ𝔦𝔣  is an ℐℱℊ̂∗𝓈𝒪𝒮  in 𝕌  and ℋ𝔦𝔣 ⊆ 𝔾𝔦𝔣}, 

(ii) ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)  = ⋂{𝒦𝔦𝔣 | 𝒦𝔦𝔣 is an ℐℱℊ̂∗𝓈𝒞𝒮  in 𝕌  and 𝔾𝔦𝔣 ⊆ 𝒦𝔦𝔣} 

(iii) ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣
c) = (ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣))c 

(iv) ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c) = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c 

 

Definition 2.5. [5] An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is called an ℐℱ ℊ̂∗ semi T*1/2 space (ℐℱℊ̂∗𝓈 T*1/2 space) if every ℐℱℊ̂∗𝓈𝒞𝒮  is ℐℱ𝒞𝒮 in 

(𝕌,𝜏𝔦𝔣). 

 

Definition 2.6.[6]  A mapping  𝑓: (𝕌, 𝜏𝔦𝔣) → (𝕍, 𝜎𝔦𝔣)  is called an ℐℱℊ̂∗𝓈 -continuous if 𝑓 −1(𝔾𝔦𝔣) is an ℐℱℊ̂∗𝓈𝒞 set in (𝕌,𝜏𝔦𝔣) 

for every ℐℱ𝒞 set 𝔾𝔦𝔣 of (𝕍, 𝜎𝔦𝔣). 

 

Definition 2.7. [6] A mapping 𝑓: (𝕌, 𝜏𝔦𝔣) → (𝕍, 𝜎𝔦𝔣)  is called an ℐℱℊ̂∗𝓈 -irresolute if 𝑓 −1(𝔾𝔦𝔣) is an ℐℱℊ̂∗𝓈𝒞 set in (𝕌,𝜏𝔦𝔣) 

for every ℐℱℊ̂∗𝓈𝒞 set 𝔾𝔦𝔣 of (𝕍, 𝜎𝔦𝔣). 

 

Definition 2.8. [7] Two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 are said to be 𝓆-coincident (𝔾𝔦𝔣 q  ℍ𝔦𝔣 in short) iff  there exists an element 𝕦 𝕌 

such that μ𝔾𝔦𝔣
(𝕦) > υℍ𝔦𝔣 

(𝕦) or υ𝔾𝔦𝔣 
(𝕦)< μℍ𝔦𝔣

(𝕦). 

 

Definition 2.9. [7] Two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 are said to be not 𝓆-coincident (𝔾𝔦𝔣 q
c ℍ𝔦𝔣 in short) iff  𝔾𝔦𝔣 ⊆ ℍ𝔦𝔣

c. 

 

Definition 2.10. [7] An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is called intuitionistic fuzzy C5-connected(ℐℱ𝐶5𝐶𝑜𝑛𝑆) if the only ℐℱ𝒮s which are 

both ℐℱ𝒪 and ℐℱ𝒞 are �̃� and �̃�. 

 

III. INTUITIONISTIC FUZZY �̂�∗ SEMI CONNECTED SPACES 

 

Definition 3.1. An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is called ℐℱ ℊ̂∗ Semi Connected Space(ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆) if the only ℐℱ𝒮s which are both 

ℐℱℊ̂∗𝓈𝒞𝒮 and ℐℱℊ̂∗𝓈𝒪𝒮 are �̃� and �̃�. 

 

Theorem 3.2. Every ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆 is ℐℱ𝐶5𝐶𝑜𝑛𝑆 but not conversely. 

 

Proof: Let (𝕌,𝜏𝔦𝔣) is called ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. Let us presume (𝕌,𝜏𝔦𝔣) is not an ℐℱ𝐶5𝐶𝑜𝑛𝑆, then there exists an ℐℱ𝒮 𝔾𝔦𝔣 that is 

both  ℐℱ𝒞𝒮 and ℐℱ𝒪𝒮 in (𝕌,𝜏𝔦𝔣). That is, 𝔾𝔦𝔣 is both  ℐℱℊ̂∗𝓈𝒞𝒮 and  ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). This implies that (𝕌,𝜏𝔦𝔣) is not 

an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. This contradicts our assumption. Therefore (𝕌,𝜏𝔦𝔣) must be an ℐℱ𝐶5𝐶𝑜𝑛𝑆. 
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Example 3.3. Let 𝕌 = {𝔢, 𝔣}, 𝜏𝔦𝔣 = {0̃, 𝔾𝔦𝔣,  1̃} where  𝔾𝔦𝔣={<𝔢, 0.3,   0.7>, <𝔣, 0.4,   0.6>}. Then (𝕌,𝜏𝔦𝔣) is ℐℱ𝐶5𝐶𝑜𝑛𝑆, but 

not ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, because the ℐℱ𝒮 ℕ𝔦𝔣 ={<𝔢, 0.4,   0.6>, <𝔣, 0.5,   0.5>} in (𝕌,𝜏𝔦𝔣) is both ℐℱℊ̂∗𝓈𝒞𝒮 and  ℐℱℊ̂∗𝓈𝒪𝒮. 

 

Theorem 3.4. An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆 iff there exist no non-zero ℐℱℊ̂∗𝓈𝒪𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 

ℍ𝔦𝔣= 𝔾𝔦𝔣
c, ℍ𝔦𝔣= (𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c and 𝔾𝔦𝔣= (𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. 

 

Proof: Necessity: Let (𝕌,𝜏𝔦𝔣) be an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆 We assume two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 such that 𝔾𝔦𝔣 ≠ 0 ̃ ≠ ℍ𝔦𝔣, ℍ𝔦𝔣=𝔾𝔦𝔣
c, 

ℍ𝔦𝔣=(𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c and 𝔾𝔦𝔣=(𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. Since (𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c and (𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c are ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣), 𝔾𝔦𝔣 and ℍ𝔦𝔣 are 

ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣). This implies (𝕌,𝜏𝔦𝔣) is not an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, which contradicts our assumption. Therefore there exist 

no non-zero ℐℱℊ̂∗𝓈𝒪𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that ℍ𝔦𝔣=𝔾𝔦𝔣
c, ℍ𝔦𝔣=(𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))cand 𝔾𝔦𝔣= (𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. 

 

Sufficiency: Let 𝔾𝔦𝔣 be both ℐℱℊ̂∗𝓈𝒪𝒮 and  ℐℱℊ̂∗𝓈𝒞𝒮 in (𝕌,𝜏𝔦𝔣) such that 1 ̃ ≠  𝔾𝔦𝔣 ≠ 0 ̃. Now by taking ℍ𝔦𝔣=𝔾𝔦𝔣
c, we 

obtain a contradiction to our hypothesis. Hence (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. 

 

Theorem 3.5. Let (𝕌,𝜏𝔦𝔣) be an ℐℱℊ̂∗𝓈T*1/2 space, then the following statements are equivalent:  (a) (𝕌,𝜏𝔦𝔣) is an 

ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆,   (b) (𝕌,𝜏𝔦𝔣) is an ℐℱ𝐶5𝐶𝑜𝑛𝑆. 

 

Proof: (a) ⇒ (b) is evident from Theorem 3.1. 

 

(b) ⇒ (a) Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝐶5𝐶𝑜𝑛𝑆. Suppose (𝕌,𝜏𝔦𝔣) is not ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, then there is an existence of a proper  ℐℱ𝒮 𝔾𝔦𝔣  

in (𝕌,𝜏𝔦𝔣) which is both ℐℱℊ̂∗𝓈𝒞𝒮 and  ℐℱℊ̂∗𝓈𝒪𝒮. But since (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈 T*1/2 space, 𝔾𝔦𝔣  in (𝕌,𝜏𝔦𝔣) is both ℐℱ𝒞𝒮 

and  ℐℱ𝒪𝒮. This implies that (𝕌,𝜏𝔦𝔣) is not ℐℱ𝐶5𝐶𝑜𝑛𝑆. This contradicts our assumption. Therefore (𝕌,𝜏𝔦𝔣) must be an 

ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. 

 

Theorem 3.6. If  𝑓: (𝕌, 𝜏𝔦𝔣) → (𝕍, 𝜎𝔦𝔣) is an ℐℱℊ̂∗𝓈–continuous surjective mapping and (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, then 

(𝕍, 𝜎𝔦𝔣) is an ℐℱ𝐶5𝐶𝑜𝑛𝑆. 

 

Proof: Let (𝕌,𝜏𝔦𝔣) be an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. Suppose (𝕍, 𝜎𝔦𝔣) is not ℐℱ𝐶5𝐶𝑜𝑛𝑆, then there is an existence of a proper ℐℱ𝒮 𝔾𝔦𝔣 in 

(𝕍, 𝜎𝔦𝔣) which is both ℐℱ𝒞𝒮 and  ℐℱ𝒪𝒮. Since 𝑓 is an ℐℱℊ̂∗𝓈 –continuous surjective mapping, 𝑓 −1(𝔾𝔦𝔣) is both ℐℱℊ̂∗𝓈𝒞𝒮 

and  ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). This contradicts our assumption. Hence (𝕍, 𝜎𝔦𝔣) must be an ℐℱ𝐶5𝐶𝑜𝑛𝑆. 

 

Theorem 3.7. If  𝑓: (𝕌, 𝜏𝔦𝔣) → (𝕍, 𝜎𝔦𝔣) is an ℐℱℊ̂∗𝓈–irresolute surjective mapping and (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, then 

(𝕍, 𝜎𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. 

 

Proof: Let (𝕌,𝜏𝔦𝔣) be an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. Suppose (𝕍, 𝜎𝔦𝔣) is not an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆, then there is an existence of a proper ℐℱ𝒮 

𝔾𝔦𝔣 in (𝕍, 𝜎𝔦𝔣) which is both ℐℱℊ̂∗𝓈𝒞𝒮 and  ℐℱℊ̂∗𝓈𝒪𝒮. Since 𝑓 is an ℐℱℊ̂∗𝓈 – irresolute surjective mapping, 𝑓 −1(𝔾𝔦𝔣) is 

both ℐℱℊ̂∗𝓈𝒞𝒮 and  ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). This contradicts our assumption. Hence (𝕍, 𝜎𝔦𝔣) must be an ℐℱℊ̂∗𝓈𝐶𝑜𝑛𝑆. 

 

Definition 3.8. An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 if there is no  ℐℱℊ̂∗𝓈𝒪𝒮 𝕀𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such 

that 𝔾𝔦𝔣 ⊆ 𝕀𝔦𝔣 and 𝕀𝔦𝔣 q
c ℍ𝔦𝔣. 

 

Theorem 3.9. If an ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣, then it is ℐℱ𝐶5𝐶𝑜𝑛 between 𝔾𝔦𝔣 and ℍ𝔦𝔣 

but the converse need not be true. 

 

Proof: Suppose (𝕌,𝜏 𝔦𝔣) is not ℐℱ𝐶5𝐶𝑜𝑛 between 𝔾𝔦𝔣 and ℍ𝔦𝔣, then there exists and ℐℱ𝒪𝒮 𝕀𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ⊆ 𝕀𝔦𝔣 

and 𝕀𝔦𝔣 q
c ℍ𝔦𝔣. Since every ℐℱ𝒪𝒮 is an ℐℱℊ̂∗𝓈𝒪𝒮, there exists an ℐℱℊ̂∗𝓈𝒪𝒮 𝕀𝔦𝔣 such that 𝔾𝔦𝔣 ⊆ 𝕀𝔦𝔣 and 𝕀𝔦𝔣 q

c ℍ𝔦𝔣. This implies 

(𝕌,𝜏𝔦𝔣) is not ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between 𝔾𝔦𝔣 and ℍ𝔦𝔣, which contradicts the assumption. Therefore (𝕌,𝜏𝔦𝔣) must be ℐℱ𝐶5𝐶𝑜𝑛 

between 𝔾𝔦𝔣 and ℍ𝔦𝔣. 

 

Example 3.10.  Let 𝕌 = {𝔢, 𝔣}, 𝜏𝔦𝔣 = {0̃, 𝔾𝔦𝔣,  1̃} where  𝔾𝔦𝔣={<𝔢, 0.5,   0.5>, <𝔣, 0.4,   0.6>}. Let 𝔸𝔦𝔣={<𝔢, 0.52,   0.48>, 

<𝔣, 0.43,   0.57>} and 𝔹𝔦𝔣={<𝔢, 0.6,   0.4>, <𝔣, 0.7,   0.3>} be two ℐℱ𝒮s in 𝕌. Then (𝕌,𝜏𝔦𝔣) is ℐℱ𝐶5𝐶𝑜𝑛 between 𝔸𝔦𝔣 and 

𝔹𝔦𝔣, since there exists no ℐℱ𝒪𝒮 𝔼𝔦𝔣 in 𝕌 such that 𝔸𝔦𝔣 ⊆ 𝔼𝔦𝔣 and 𝔼𝔦𝔣 q  𝔹𝔦𝔣. But it is not ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between 𝔸𝔦𝔣 and 𝔹𝔦𝔣, since 

there exists an ℐℱℊ̂∗𝓈𝒪𝒮 𝔼𝔦𝔣={<𝔢, 0.7,   0.3>, <𝔣, 0.8,   0.2>} such that 𝔸𝔦𝔣 ⊆ 𝔼𝔦𝔣 and 𝔼𝔦𝔣 q  𝔹𝔦𝔣. 
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Theorem 3.11. If an ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 and 𝔾𝔦𝔣 ⊆ ℳ𝔦𝔣, ℍ𝔦𝔣 ⊆ 𝒩𝔦𝔣, then (𝕌,𝜏𝔦𝔣) is 

ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between ℳ𝔦𝔣 and 𝒩𝔦𝔣. 

 

Proof: Suppose that (𝕌,𝜏𝔦𝔣) is not ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between ℳ𝔦𝔣 and 𝒩𝔦𝔣, then by Def. 3.2., there exists an ℐℱℊ̂∗𝓈𝒪𝒮  𝕀𝔦𝔣 in 

(𝕌,𝜏𝔦𝔣) such that ℳ𝔦𝔣 ⊆ 𝕀𝔦𝔣 and 𝕀𝔦𝔣 q
c 𝒩𝔦𝔣. This implies  𝕀𝔦𝔣 ⊆ 𝒩𝔦𝔣

c. 

ℳ𝔦𝔣 ⊆ 𝕀𝔦𝔣 implies 𝔾𝔦𝔣 ⊆ ℳ𝔦𝔣 ⊆ 𝕀𝔦𝔣. That is 𝔾𝔦𝔣 ⊆  𝕀𝔦𝔣 . 

Now let us prove that 𝕀𝔦𝔣 ⊆ ℍ𝔦𝔣
c, that is  𝕀𝔦𝔣 q

c ℍ𝔦𝔣 . Suppose 𝕀𝔦𝔣 q  ℍ𝔦𝔣, then by Def. 2.8., there exists an element 𝕦 𝕌 such 

that μ𝕀𝔦𝔣
(𝕦) > υℍ𝔦𝔣

(𝕦) or υ𝕀𝔦𝔣 
< μℍ𝔦𝔣

(𝕦). Therefore μ𝕀𝔦𝔣
(𝕦) > υℍ𝔦𝔣

(𝕦) > υ𝒩𝔦𝔣
(𝕦) and υ𝕀𝔦𝔣 

< μℍ𝔦𝔣
(𝕦) < μ𝒩𝔦𝔣

(𝕦), since ℍ𝔦𝔣 ⊆ ℳ𝔦𝔣. 

Hence μ𝕀𝔦𝔣
(𝕦) > υ𝒩𝔦𝔣

(𝕦) and υ𝕀𝔦𝔣 
< μ𝒩𝔦𝔣

(𝕦). Thus 𝕀𝔦𝔣 q  𝒩𝔦𝔣, which is a contradiction. Therefore 𝕀𝔦𝔣 q
c ℍ𝔦𝔣. Hence (𝕌,𝜏𝔦𝔣) is not 

ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between two ℐℱ𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣, which is a contradiction to our hypothesis. Thus (𝕌,𝜏𝔦𝔣) must be ℐℱℊ̂∗𝓈𝐶𝑜𝑛 

between ℳ𝔦𝔣 and 𝒩𝔦𝔣. 

 

Theorem 3.12. Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝒯𝒮 and 𝔾𝔦𝔣 and ℍ𝔦𝔣 be ℐℱ𝒮s in (𝕌,𝜏𝔦𝔣). If 𝔾𝔦𝔣 q  ℍ𝔦𝔣, then (𝕌,𝜏𝔦𝔣) is ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between 

𝔾𝔦𝔣 and ℍ𝔦𝔣. 

 

Proof: Suppose (𝕌,𝜏𝔦𝔣) is not ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between 𝔾𝔦𝔣 and ℍ𝔦𝔣. Then there exists an ℐℱℊ̂∗𝓈𝒪𝒮  𝕀𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 

⊆ 𝕀𝔦𝔣 and 𝕀𝔦𝔣 q
c ℍ𝔦𝔣 then  𝕀𝔦𝔣 ⊆ ℍ𝔦𝔣

c. This implies 𝔾𝔦𝔣 ⊆ ℍ𝔦𝔣
c. That is 𝔾𝔦𝔣 q

c ℍ𝔦𝔣. This contradicts our hypothesis. Therefore 

(𝕌,𝜏𝔦𝔣) must be ℐℱℊ̂∗𝓈𝐶𝑜𝑛 between 𝔾𝔦𝔣 and ℍ𝔦𝔣. 

 

Definition 3.13. An ℐℱℊ̂∗𝓈𝒪𝒮 𝔾𝔦𝔣 is an ℐℱ regular ℊ̂∗ semi-open set (ℐℱℛℊ̂∗𝓈𝒪𝒮) if 𝔾𝔦𝔣 =ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣 (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)). The 

complement of an ℐℱℛℊ̂∗𝓈𝒪𝒮 is an ℐℱℛℊ̂∗𝓈𝒞𝒮. 

 

Definition 3.14. An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is called an intuitionistic fuzzy ℊ̂∗ semi super connected (ℐℱℊ̂∗𝓈𝑆𝐶𝑜𝑛𝑆) if there exists 

no proper ℐℱℛℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). 

 

Theorem 3.15. Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝒯𝒮. Then the following statements are equivalent: 

(a) (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝑆𝐶𝑜𝑛𝑆. 

(b) For every non-zero ℐℱℊ̂∗𝓈𝒪𝒮 𝔾𝔦𝔣, ℊ̂
∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 ) = 𝟏 ̃. 

(c) For every ℐℱℊ̂∗𝓈𝒞𝒮 𝔾𝔦𝔣 with 𝔾𝔦𝔣 ≠ 𝟏 ̃, ℊ̂∗𝓈𝑖𝑛𝑡(𝔾𝔦𝔣) =𝟎 ̃. 

(d) There exist no 𝔾𝔦𝔣 and ℍ𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ �̃�≠ ℍ𝔦𝔣, 𝔾𝔦𝔣 ⊆ℍ𝔦𝔣
c. 

(e) There exist no 𝔾𝔦𝔣 and ℍ𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ �̃�≠ ℍ𝔦𝔣, ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c, 𝔾𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. 

(f) There exist no 𝔾𝔦𝔣 and ℍ𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ �̃�≠ ℍ𝔦𝔣, ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣))c, 𝔾𝔦𝔣 = (ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℍ𝔦𝔣))c. 

 

Proof: (a) ⇒ (b) Assume that there exists an ℐℱℊ̂∗𝓈𝒪𝒮 𝔾𝔦𝔣 in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ 𝟎 ̃ and ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 ) ≠ 𝟏 ̃. Now let ℍ𝔦𝔣 

= ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c. Then ℍ𝔦𝔣 is a proper ℐℱℛℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣), which contradicts the assumption. Therefore 

ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 ) = 𝟏 ̃. 

 

(b) ⇒ (c) Let 𝔾𝔦𝔣 ≠ 𝟏 ̃ be an ℐℱℊ̂∗𝓈𝒞𝒮 in (𝕌,𝜏𝔦𝔣). If ℍ𝔦𝔣 = 𝔾𝔦𝔣
c, then ℍ𝔦𝔣 is an ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣) with ℍ𝔦𝔣 ≠ 𝟎 ̃. Hence 

ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣 ) = 𝟏 ̃. This implies (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c = 𝟎 ̃. That is ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℍ𝔦𝔣
c
) = 𝟎 ̃. Hence ℊ̂∗𝓈𝑖𝑛𝑡(𝔾𝔦𝔣) =𝟎 ̃. 

 

(c) ⇒ (d) Suppose 𝔾𝔦𝔣 and ℍ𝔦𝔣 be two ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ 𝟎 ̃≠ ℍ𝔦𝔣 and  𝔾𝔦𝔣 ⊆ℍ𝔦𝔣
c. Then ℍ𝔦𝔣

c is an ℐℱℊ̂∗𝓈𝒞𝒮 

in (𝕌,𝜏𝔦𝔣) and ℍ𝔦𝔣 ≠ 𝟎 ̃ implies ℍ𝔦𝔣
c ≠ 𝟏 ̃. By hypothesis ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℍ𝔦𝔣

c
) = �̃�. But 𝔾𝔦𝔣 ⊆ℍ𝔦𝔣

c. Therefore �̃�≠ 𝔾𝔦𝔣 = 

ℊ̂∗𝓈𝑖𝑛𝑡(𝔾𝔦𝔣)⊆ℊ̂∗𝓈𝑖𝑛𝑡(ℍ𝔦𝔣
c) = 𝟎 ̃, which is a contradiction. Therefore (d) is true. 

 

(d) ⇒ (a) Suppose �̃�≠ 𝔾𝔦𝔣 ≠ 𝟏 ̃ be an ℐℱℛℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). If we take ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c, 

Then ℍ𝔦𝔣 is an ℐℱℛℊ̂∗𝓈𝒪𝒮, since ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣)) = ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c) 

= ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)))c = ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c) = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c = ℍ𝔦𝔣. Also we get ℍ𝔦𝔣 ≠ 𝟎 ̃, since otherwise if 

ℍ𝔦𝔣 = 𝟎 ̃ then this implies (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c = 𝟎 ̃. That is ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 ) = 𝟏 ̃. Hence 𝔾𝔦𝔣 = ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 )) = ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(1̃) 

= 𝟏 ̃, which is a contradiction. Therefore  ℍ𝔦𝔣 ≠ 𝟎 ̃ and 𝔾𝔦𝔣 ⊆ℍ𝔦𝔣
c. But this is a contradiction to (d). Therefore (𝕌,𝜏𝔦𝔣) must 

be an ℐℱℊ̂∗𝓈 super connected space. 
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(a) ⇒ (e) Suppose 𝔾𝔦𝔣 and ℍ𝔦𝔣 be two ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ �̃�≠ ℍ𝔦𝔣 and ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c,  𝔾𝔦𝔣 = 

(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. Now we have ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣 )) = ℊ̂∗𝓈𝑖𝑛𝑡(ℍ𝔦𝔣
c)= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c = 𝔾𝔦𝔣, 𝔾𝔦𝔣 ≠ 𝟎 ̃ and 𝔾𝔦𝔣 ≠ 𝟏 ̃, since 

if 𝔾𝔦𝔣 = 𝟏 ̃, then (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c ⇒ ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣 )= 𝟎 ̃ ⇒ ℍ𝔦𝔣 = 𝟎 ̃. Therefore 𝔾𝔦𝔣 ≠ 𝟏 ̃. That is 𝔾𝔦𝔣 is a proper ℐℱℛℊ̂∗𝓈𝒪𝒮 in 

(𝕌,𝜏𝔦𝔣), which is a contradiction to (a). Hence (e) is true. 

 

(e) ⇒ (a) Let 𝔾𝔦𝔣 be an ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣) such that �̃�≠ 𝔾𝔦𝔣 ≠ �̃�. Now take ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c. In this case we get ℍ𝔦𝔣 

= 𝟎 ̃ and ℍ𝔦𝔣 is an ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). Now ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c and (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c = 

(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c)c =ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)
c)c ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)) = 𝔾𝔦𝔣. But this is a contradiction to (e). 

Therefore (𝕌,𝜏𝔦𝔣) must be an ℐℱℊ̂∗𝓈 super connected space. 

 

(e) ⇒ (f) Suppose 𝔾𝔦𝔣 and ℍ𝔦𝔣 be two ℐℱℊ̂∗𝓈𝒞𝒮s in (𝕌,𝜏𝔦𝔣) such that 𝔾𝔦𝔣 ≠ �̃�≠ ℍ𝔦𝔣, ℍ𝔦𝔣 = (ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣))c,  𝔾𝔦𝔣 = 

(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(ℍ𝔦𝔣))c. Taking 𝕀𝔦𝔣= 𝔾𝔦𝔣
c  and 𝕁𝔦𝔣 = ℍ𝔦𝔣

c, 𝕀𝔦𝔣 and 𝕁𝔦𝔣 become ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣) with 𝕀𝔦𝔣 ≠ 𝟎 ̃≠ 𝕁𝔦𝔣 and 

𝕁𝔦𝔣=(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝕀𝔦𝔣))c, 𝕀𝔦𝔣=(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝕁𝔦𝔣))c, which is a contradiction to (e). Hence (f) is true. 

 

(f) ⇒ (e) can be proved easily by the similar way as in (e) ⇒ (f). 

 

Definition 3.16. An ℐℱ𝒯𝒮 (𝕌,𝜏𝔦𝔣) is called an intuitionistic fuzzy ℊ̂∗ semi extremally disconnected (ℐℱℊ̂∗𝐸𝐷𝑐𝑜𝑛𝑆) if the 

ℊ̂∗𝓈  closure of every ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣) is ℐℱℊ̂∗𝓈𝒪𝒮. 

 

Theorem 3.17. Let (𝕌,𝜏𝔦𝔣) be an ℐℱ𝒯𝒮. Then the following statements are equivalent: 

(a) (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐸𝐷𝑐𝑜𝑛𝑆. 

(b) For each ℐℱℊ̂∗𝓈𝒞𝒮 𝔾𝔦𝔣, ℊ̂
∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣) is an ℐℱℊ̂∗𝓈𝒞𝒮 

(c) For each ℐℱℊ̂∗𝓈𝒪𝒮 𝔾𝔦𝔣, ℊ̂
∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣) = (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c)c 

(d) For each pair of ℐℱℊ̂∗𝓈𝒪𝒮s 𝔾𝔦𝔣 and ℍ𝔦𝔣 with ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)= ℍ𝔦𝔣
c implies that ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. 

 

Proof: (a) ⇒ (b) Let 𝔾𝔦𝔣 be any ℐℱℊ̂∗𝓈𝒞𝒮. Then 𝔾𝔦𝔣
c is an ℐℱℊ̂∗𝓈𝒪𝒮. So (a) implies that ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣

c)= (ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣))c 

is an ℐℱℊ̂∗𝓈𝒪𝒮. Thus ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣) is an ℐℱℊ̂∗𝓈𝒞𝒮 in (𝕌,𝜏𝔦𝔣). 

 

(b)⇒(c) Let 𝔾𝔦𝔣 be any ℐℱℊ̂∗𝓈𝒪𝒮. Then we have  ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c =  ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣)
c). Therefore 

(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c)c= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c)))c. Since 𝔾𝔦𝔣 is an  ℐℱℊ̂∗𝓈𝒪𝒮, 𝔾𝔦𝔣

c is ℐℱℊ̂∗𝓈𝒞𝒮. So by (b), 

ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c) is an ℐℱℊ̂∗𝓈𝒞𝒮. That is ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣

c))= ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c). Hence (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c)c = 

(ℊ̂∗𝓈𝑖𝑛𝑡𝔦𝔣(𝔾𝔦𝔣
c))c = ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣). 

 

(c) ⇒ (d) Let 𝔾𝔦𝔣 and ℍ𝔦𝔣 be any two ℐℱℊ̂∗𝓈𝒪𝒮s in (𝕌,𝜏𝔦𝔣) such that ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)= ℍ𝔦𝔣
c. (c) implies 

ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c)c= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣
c)c)c=(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. 

 

(d) ⇒ (a) Let 𝔾𝔦𝔣  be an ℐℱℊ̂∗𝓈𝒪𝒮 in (𝕌,𝜏𝔦𝔣). Put ℍ𝔦𝔣=(ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣))c, then ℍ𝔦𝔣 is an ℐℱℊ̂∗𝓈𝒪𝒮 and ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣) = ℍ𝔦𝔣
c. 

Hence by (d), ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣)= (ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣))c. Since ℊ̂∗𝓈𝑐𝑙𝔦𝔣(ℍ𝔦𝔣) is an ℐℱℊ̂∗𝓈𝒞𝒮, it follows that ℊ̂∗𝓈𝑐𝑙𝔦𝔣(𝔾𝔦𝔣) is ℐℱℊ̂∗𝓈𝒪𝒮. 

This implies that (𝕌,𝜏𝔦𝔣) is an ℐℱℊ̂∗𝓈𝐸𝐷𝑐𝑜𝑛𝑆. 
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