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Abstract:

This article is envisioned to navigate Intuitionistic Fuzzy g*Semi Connectedness in Intuitionistic fuzzy topological
spaces. An investigative study on Intuitionistic Fuzzy g*Semi connected spaces, Intuitionistic Fuzzy g*Semi super
connected spaces and Intuitionistic Fuzzy g*Semi extremely disconnected spaces is elucidated with proper explanations
and examples.
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I. INTRODUCTION

Zadeh[8] in 1965 opened a new page in Mathematics with fuzzy sets to deal with ambiguity. Chang(1968)[2] established
it into fuzzy topology. Atanassov[1] with his cognitive idea brought forth intuitionistic fuzzy set and later Coker[3]
generalized it into intuitionistic fuzzy topological spaces. Pious Misser et al.,[5] recently illustrated Intuitionistic Fuzzy
g*Semi Closed sets. Taking a lead from there, we proceed ahead to explore Intuitionistic Fuzzy g*Semi connected spaces,
Intuitionistic Fuzzy g*Semi super connected spaces and Intuitionistic Fuzzy g*Semi extremally disconnected spaces in
Intuitionistic fuzzy topological spaces.

Il. PRELIMINARIES

Definition 2.1. [1] Let U be a universal set. Then Gy = {/u, u@,ﬁ(tm), Vg (w)): m U} is called as an intuitionistic fuzzy
subset (JFS in short) in U. Here the functions e, U— [0,1] and Vgt U —[0,1] denote the degree of membership (namely
uﬁif(tm)) and the degree of non-membership (namely UGy (w)) of each element w /U to the set G;; respectively, and 0 <
uGﬁ([L]l)+ Vg (u) < 1 for each w[1U. The set of all intuitionistic fuzzy sets in U is denoted by JFSs(U). For any two JFSs
Gy and Hi, (Gy U Hi)© = Gy© N HzC; (GyNH)C = Gi© U H:©.

Definition2.2: [1] If Gy = { /u, (w), UGy (w): wl U} and Hi = { I, le]if(tul), U (w)): w U} be two IFSs(U), then
(a) Gz< M if and only if MGy Mg and Uy (w) > Vg (w) forall x € X,

(b) Gy= Ml if and only if G; € H; and Gy 2 Hi;,

() Gy° ={ w11 vg, (W), ug, (w) 11wl 1U} (complement of Gy),

(d) GyUHj; = {(w, gy (W) V gy (X), Vg, (W) A vy, (w)): we U},

(e) GiiNHi; = {(w, g, (W) Apgy (X), Vg, (W) V vy, (w)):we U},

() (Gy U Hi)© = Gy N Hz® and (GiNH;;)© = Gy© U Hix©.

(h) 0 =(w, 0, 1)(empty set) and 1 = ( w, 1, 0 ) (whole set).
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Definition 2.3. [3] An intuitionistic fuzzy topology (JFT) on U is a family of 7FSs in U, satisfying the following axioms.
1. 0,1€evy

2. Gy N M € 7y for any Gy, His € 75

3. U Gy, € Ty for any family {Gifi li€J} <1y

The pair (U,;;) is called an intuitionistic fuzzy topological space (JFTS) and any JFS in 7;; is known as an intuitionistic
fuzzy open set (JFOS) in X. The complement (Gifc ) of an JFOS Gy; in an IFTS(U, 7y) is called an intuitionistic fuzzy
closed set(JFCS) in U. In this paper, Intuitionistic fuzzy interior is denoted by int; and Intuitionistic fuzzy closure is
denoted by cl;.

Definition 2.4. [3] Let (U,t;;) be an IFTS and Gy = {['w [ u@ﬁ(ﬂﬂ), Vg (w)7:wlJU } bean IFS in X. Then the interior
and closure of the above JFS are defined as follows:

(i)  inty(Gy) = U {H;; | Hy isan IFOS in X and H; € Gy}

(i) clg(Gy) =N {K; | Kgisan IFCS in X and Gy © Kig}

(iii) cly(Gy) = (intii(Gip)©

(iv) inti5(Gy°) = (clis(Gi))*

Definition 2.5. [5] An JFS G;; of an IFT'S (U, ty) is called an IFZ"8CS, if scliz( Gi;) € O whenever Gy € O and Oy is
any J¥g0 in (U, 7).

Definition 2.4. [5] Let (U,zy) be an 777S and Gy = {\'w, pg, (), vg, (w)/: w U} be an IFS in U. Then

(i) g sinty(Gy) = U{H;; | Hy; isan IFG 808 inU and H; € Gy},

(i) g scls(Gy) = N{K | K5 isan IFg sCS inU and Gy € Kis}

(iii) g scli(Gy°) = (G sints(Gy))©

(iv) g sint(Gy°) = (3 8cli(Gyp)®

Definition 2.5. [5] An JFT'S (U,ty) is called an JF g* semi T*1, space (JFg"s T*1 space) if every IFg*sCS is IFCS in
(U,y).

Definition 2.6.[6] A mapping f: (U, 7;) = (V,0y) iscalled an 7Fg*s -continuous if f ~*(Gy) isan 7Fg*sC setin (U, ;)
for every JFC set G of (V, oy).

Definition 2.7. [6] A mapping f: (U, t;) = (V, o) is called an 7Fg" s -irresolute if f ~1(Gy) is an IFg*sC set in (U,zy;)
for every JFg"sC set Gy; of (V, gy7).

Definition 2.8. [7] Two JFSs G and Hij; are said to be g-coincident (G;; q Hi; in short) iff there exists an element w( U
such that HG“(M) > Uy (w) or Vg (w)< uHif(tul).

Definition 2.9. [7] Two JFSs G and Hi; are said to be not g-coincident (G ¢° Hi; in short) iff Gy € H“.

Definition 2.10. [7] An JFT'S (U,ty) is called intuitionistic fuzzy Cs-connected(J¥ CsConS) if the only JFSs which are
both 370 and JFC are 0 and 1.

HIL INTUITIONISTIC FUZZY g* SEMI CONNECTED SPACES

Definition 3.1. An JFTS (U,ty) is called 7F g* Semi Connected Space(JFg"sConS) if the only JFSs which are both
JFG*8CS and IFG*80S are 0 and 1.

Theorem 3.2. Every JFg*sConS is 3F CsConS but not conversely.
Proof: Let (U,zy) is called 7Fg"sConS. Let us presume (U,y) is not an IFCsConS, then there exists an IFS G;; that is

both JFCS and JFOS in (U,ty). That is, Gy is both JFg*8CS and JFg"s0S in (U,t;5). This implies that (U,;) is not
an JFg"sConS. This contradicts our assumption. Therefore (U, ;) must be an JFCsConsS.
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Example 3.3. Let U = {e, f}, 7y = {0, Gy;, 1} where Gy={<e, 0.3, 0.7>, <f, 0.4, 0.6>}. Then (U,ty) is 7FCsConS, but
not JFg"sConS, because the IFS Ny ={<e, 0.4, 0.6>, <f, 0.5, 0.5>} in (U,7y) is both 7Fg"8CS and JFG"s0S.

Theorem 3.4. An JFTS (U,ty;) is an JFg"sConsS iff there exist no non-zero 7¥g*s0Ss G;; and Hi; in (U,;;) such that
Hif: Gifc, Hif: (45Clif(Gif))c and (G'if: (5Clif(]HIif))C.

Proof: Necessity: Let (U,7;) be an IFg*sConS We assume two JFSs Gy and Hj; such that Gy # 0 # Hy;, Hy=Gy",
Hi=(8cls(Gy;))¢ and Gy=(8cli;(Hi))C. Since (sclz(Gy))¢ and (scliz(His))© are IFg*80Ss in (U,ty;), Gy and H; are
JFg 80Ss in (U,ty). This implies (U,;) is not an IFg"sConS, which contradicts our assumption. Therefore there exist
no non-zero J¥g*s08s Gy and Hi; in (U,t) such that H=Gy°, Hy=(scli;(Gir))and Gy= (sclz(Hi;))C.

Sufficiency: Let G;; be both 773" s0S and IFZ"sCS in (U,zy5) such thatT # Gy # 0. Now by taking H;=G;°, we
obtain a contradiction to our hypothesis. Hence (U,t;;) is an 7Fg"sConS.

Theorem 3.5. Let (U,ry) be an JFg 8T*1. space, then the following statements are equivalent: (a) (U,ty) is an
JFg sConS, (b)(U,zy)isanIFCsConsS.

Proof: (a) = (b) is evident from Theorem 3.1.

(b) = (a) Let (U,t;5) be an IFCsConS. Suppose (U,ty;) is not IFg*sConS, then there is an existence of a proper IFS Gy
in (U,t;;) which is both 3Fg"sCS and JFg*s0S. But since (U,ty) is an IFg s T*12 space, Gy in (U,ty) is both IFCS
and JFOS. This implies that (U,ty) is not JFCsConS. This contradicts our assumption. Therefore (U,z;;) must be an
JFg*sConsS.

Theorem 3.6. If f: (U, ) — (V, 0y) is an JFg"s—continuous surjective mapping and (U,z;) is an JFg"sConS, then
(V,0y) isan JFCsConS.

Proof: Let (U,t;;) be an JFg*sConS. Suppose (V, o) is not IF CsConS, then there is an existence of a proper JFS G; in
(V, oy7) which is both JFCS and JFOS. Since f is an IFg* s —continuous surjective mapping, f ~*(Gy) is both IFg*sCS
and JFg"s0S in (U,t;). This contradicts our assumption. Hence (V, o;;) must be an JFCsConS.

Theorem 3.7. If f:(U,ty) - (V,04) is an JFg"s—irresolute surjective mapping and (U,ty) is an JFg"sConS, then
(V, 05) isan IFg"sConsS.

Proof: Let (U,t;) be an IFg"sConS. Suppose (V, g;;) is not an IFg*sConS, then there is an existence of a proper JFS
G in (V, o) which is both 7Fg*sCS and JFg*s0S. Since f is an IFg"s — irresolute surjective mapping, f ~'(Gy) is
both 7Fg"sCS and JFg*s0S in (U,t;). This contradicts our assumption. Hence (V, o;;) must be an J¥g*sConS.

Definition 3.8. An JFT'S (U,ty) is IF g 8Con between two JFSs G;; and Hj; if there is no JFg*80S I in (U,z5) such

Theorem 3.9. If an JFTS (U,ty) is IFg"8Con between two JFSs G;; and Hy;, then it is IFCsCon between Gy and Hig
but the converse need not be true.

Proof: Suppose (U, i) is not IFCsCon between G and Hi;, then there exists and JFOS Iz in (U,7y) such that Gy < I
and I; ¢° ;. Since every JFOS is an JFg" 808, there exists an 7Fg"80S I such that G;; € I and I; o° H;. This implies
(U,zi) is not IFg"sCon between G; and Hy;, which contradicts the assumption. Therefore (U,z;;) must be JFCsCon
between G;; and Hi;.

Example 3.10. LetU = {e, f}, 7y = {0, Gy, 1} where Gi={<e, 0.5, 0.5>, <f, 0.4, 0.6>}. Let A;={<e, 0.52, 0.48>,
<f, 0.43, 0.57>} and B;={<e, 0.6, 0.4>, <f, 0.7, 0.3>} be two JFSs in U. Then (U,7y) is IFC5Con between A; and
B;;, since there exists no JF0S E;; in U such that A; € E;; and E;; ¢ By;. But it is not 7Fg"sCon between A and By, since
there exists an 7¥g" 808 E;={<e, 0.7, 0.3>, <f, 0.8, 0.2>} such that A; € E; and E;; q Bj;.
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Theorem 3.11. If an IFTS (U,ty) is IFg"8Con between two JFSs Gy and Hi; and Gy S M, Hy € N, then (U,ty) is
JF g s8Con between M;; and V.

Proof: Suppose that (U,t;) is not IFg"sCon between M;; and N, then by Def. 3.2., there exists an IFg*80S I in
(U,73) such that My; I and I ¢ V. This implies I; S NVi°.

M;; € Iy implies Gy € M;; € Iy Thatis Gy € Tj; .

Now let us prove that I; S H“, that is I;; ¢° H; . Suppose I;; q H;, then by Def. 2.8., there exists an element w /U such
that uﬂﬁ(un) > UHif(un) or vy, < umf(ﬂﬂ)- Therefore uﬂif(un) > vHif(un) >v Nif(un) and vy, < uHif(un) < uNif(un), since H; & M;;.
Hence pﬂif(un) > UNif([l]l) and v, < uNif(un). Thus I q V5, which is a contradiction. Therefore I; «° Hj;. Hence (U,z;) is not
JF g 8Con between two JFSs G;; and H;, which is a contradiction to our hypothesis. Thus (U,t;;) must be 7Fg*8Con
between M;; and NVj;.

Theorem 3.12. Let (U,z;5) be an IFTS and G;; and H; be IFSs in (U,z). If Gy;  Hy;, then (U,zi) is IFg"8Con between
Gy and Hi.

Proof: Suppose (U,t;) is not IFg"sCon between G and H;. Then there exists an IFg"80S T in (U,t;;) such that Gy
C I; and I; ¢ H; then Iy € H;“. This implies Gy S H“. That is Gy ¢ H;. This contradicts our hypothesis. Therefore
(U,ri5) must be 7Fg"8Con between G;; and Hi;.

Definition 3.13. An J¥g"808 Gy is an JF regular g* semi-open set (JFRg"80S) if G =g sint;; (g"scl(Gy)). The
complement of an IFRG"s0S is an IFRG*sCS.

Definition 3.14. An JFT'S (U,ty) is called an intuitionistic fuzzy g* semi super connected (7Fg"85ConS) if there exists
no proper JFRg"80S in (U,Ty).

Theorem 3.15. Let (U,z;) be an JFT'S. Then the following statements are equivalent:

(@) (U,zy) isan IFg"sSConS.

(b) For every non-zero I¥g" 808 Gy, g"8cls(Gy;) = i.

(c) For every IFg"sCS Gy with Gi; # 1, 3" sint(Gy) =O0.

(d) There exist no Gy and Hi; in (U,T) such that G;; # 0+ Hi, Gy SH .

(e) There exist no Gy and Hj; in (U,7;;) such that Gy # 0% Hy;, Hy = (3" 8clii(Gi)¢, Gy = (3" sl (Hip))C.
(f) There exist no G;; and Hj; in (U, 7;) such that Gy # 0% Hy;, Hy; = (3" sint;(Gyp))®, Gy = (3" sint;(Hy))C.

Proof: (a) = (b) Assume that there exists an IF3"s0S G;; in (U,y;) such that G # 0 and g*sclis(Gy; ) # 1. Now let Hj;
= g sint;(g" 8cl(Gy)). Then Hy is a proper JFRg*s0S in (U,t;;), which contradicts the assumption. Therefore
@*561'&(@&) =1.

(b) = (c) Let Gi; # 1 be an IFg*sCS in (U,7y). If Hy = G, then Hj; is an IFZ*s0S in (U,7y) with Hi; # 0. Hence
a*"SClif(Hif) = i Thls Implles (g*ﬁclif(]}ﬂif))c = 6 That iS @*&ntﬁ(ﬂ'ﬂﬁc) = 6 Hence Q*sint(Gﬁ) =6

(c) = (d) Suppose G;; and Hj; be two IFg* s0Ss in (U,z;;) such that Gy; # 0% Hy; and Gy SHC. Then Hi:© is an IFg"sCS
in (U,zy) and H; # 0 implies H;® = 1. By hypothesis g*sint;(H;") = 0. But G; SH;®. Therefore 0% Gy =
3" sint(Gy)<g" sint(H;) = 0, which is a contradiction. Therefore (d) is true.

(d) = (a) Suppose 0= G;; # 1 be an IFRZ*s0S in (U,ty). If we take Hy; = (3" scli(Gyp))©,

Then Hi; is an IFRG" 808, since g*sint;(g" 8cli;(Hy)) = g"sinty;(g" 8clis(g 8¢l (Gy)))

= g’ sint (g sint (3" sclii(Gy)))© = g sint(G°) = (3" 8cl;(Gyp))© = Hy. Also we get Hy; # 0, since otherwise if
H;; = 0 then this implies (g*scl;(Gyp))® = 0. Thatis g*sclis (G ) = 1. Hence Gy = g sint;(3" scli(Gir ) = g sint;; (1)
= 1, which is a contradiction. Therefore H; # 0 and Gy SH“. But this is a contradiction to (d). Therefore (U,7;;) must
be an 3Fg" s super connected space.
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(a) = (e) Suppose Gy and Hj; be two IFg*s0Ss in (U,y;) such that Gy # 0% Hy and Hy = (3% scls(Gip))®, Gy =
(@ sclis(H))®. Now we have g*sint;;(g" scli (G ) = g sint(Hy®)= (3" scli(Hi))® = Gy, Gy # 0 and Gy # 1, since
if Gy = 1, then (g~ scl;(Hy))© = g scli(H;; )= 0 = Hy = 0. Therefore G;; # 1. That is Gy; is a proper JFRZ"80S in
(U,z;), which is a contradiction to (a). Hence (g) is true.

(e) = (a) Let Gy be an IFg* 505 in (U,ty) such that 0+ Gy = 1. Now take Hi; = (3" scli;(Gy))©. In this case we get H;
= 0 and Hi is an JFg 80§ in (Uzy). Now My = (g"sclz(Gy))¢ and (g sclz(Hy))® =
(g*éclif(g*éclif(@rif))c)c :g*éintif(ﬁ*éclﬁ((@ﬁ)c)c g*éintif(g*ﬁclif(Gif)) = (Glf But this is a contradiction to (e)

Therefore (U,7;) must be an 7Fg"s super connected space.

(e) = (f) Suppose Glf and Hlf be two 7T§;*5CSS in (UlTif) such that th * 675 Hifl ]H[lf = (g*aintif((ﬁﬁ))c, Glf =
(@"élnt,f(]}]llf))c Taklng Hif: Gifc and ]]lf = Hifc, Hlf and Htf become 7?—"@"5055 in (U,Tif) with Hlf * 675 ]]lf and
Ji=(@"8clis(I))€, 15=(g" 8cl;;(J;))¢, which is a contradiction to (e). Hence (f) is true.

(f) = (e) can be proved easily by the similar way as in (e) = (f).

Definition 3.16. An JFT'S (U,ty) is called an intuitionistic fuzzy g* semi extremally disconnected (JFg"EDconS) if the
g" s closure of every 773" 5808 in (U,ty) is IFg"80S.

Theorem 3.17. Let (U,7;) be an JFTS. Then the following statements are equivalent:

(@) (U,ty) isan IFg"8EDconS.

(b) For each 7Fg"8CS Gy, g* sint;(Gy) is an IFG"8CS

(c) For each 772" 808 Gy, g"8clis(Gys) = (" 8¢l (" 8¢l (Gyf)) )¢

(d) For each pair of 7Fg*50Ss G and Hi; with g*scli;(Gir)= Hy“ implies that g* scli; (Gi)= (¢ scli;(Hy))C.

Proof: (a) = (b) Let Gy be any 7Fg*sCS. Then G is an 7Fg*s0S. So (a) implies that g"scli(G;“)= (3" sint;(Gy))©
isan JFg"80S. Thus g*sint;(Gy) is an IFg 8CS in (U,ty).

(b)=>(c) Let Gy be any JFg*s0S. Then we have g"scl;(g 8cl(Gy))C = g scl(g” sint;(Gy)). Therefore
(§*5Clif(§*5Clif(Gif))c)C: (g»*éclif(g»*éintif(Gifc)))c. Since (Glf is an ng»*éOcS‘, (Gifc is 7?@*56’5 So by (b),
@*&ntif(ﬁifc) is an 7?@*565 That is a*ﬁclif(a*ﬁint{f((ﬁ‘lifc)): @*éintﬁ((ﬁrifc). Hence (tg\)*ﬁclif(tg\)*ﬁclif(Gif))c)c =
(@' sint;(Gy"))° = 3" scly(Gy).

(c) = (d) Let Gy and H; be any two JFg'sOSs in (U,ry) such that g"scls(Gig)=H; . (c) implies
@*5Clif(«3if): @*5Clif@*5Clif(Gif))c)C: (a*‘SClif(Hifc)c)cz(@*5dif(ﬂ'ﬂi‘f))C-

(d) = (a) Let G[f be an 77@"505 in ([U!Tif)' Put Hifz(g»*éclif(Gif))C, then ]H[lf is an 7:7:@*4505 and @*5Clif((@if) = ]Hlifc.
Hence by (d), g"scli;(Gy)= (g 8clis(Hj))¢. Since g*scli;(Hy) is an IFg*8CS, it follows that g*scli;(Gy) is IFG"80S.
This implies that (U,;;) is an IFg*8EDconS.
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