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Abstract

The concept of rectangular metric space was initially introduced by Branciari [6] in 2000. This paper aims to
demonstrate various common fixed point results for vector valued rectangular metric spaces. Our findings extend and
certain established results in the scalar valued case. We also give some examples to illustrate our work.

Keywords: Weakly compatible, Archimedean, Riesz space, Common fixed point, Vector valuedrectangular metric
spaces.

1. Introduction

A fixed point of a function is a point in the domain of the function that maps to itself under the function. In the past
several years, fixed point theory has become widely recognized as a potent and essential tool in the exploration of
nonlinear analysis. Stefa Banach [5] proved a fundamental result in the study of metric space called Banach fixed-point
theorem in 1922, which state that “Every contraction in a complete metric space have a unique fixed point”. Let S and T
be two self maps on a metric space(Z, k). If there exists a point ¢ € Z such that S¢ = T¢ = ¢ then ¢ is common fixed
point (CFP) of S and T. The investigation of CFPs for functions under specific circumstances has been a focal point of
robust observation and several influential outcomes have been well-established by multiple authors. Jungck [10]
presented a result on CFPs for commuting maps, offering a broader perspective that goes beyond the Banach fixed point
theorem. Cuneyt Cevik and Ishak Altun [7] proposed a generic metric space called vector metric space, which is
characterized by its Riesz space valued metric. Branciari [6] introduced the definition of rectangular metric space and
derived various fixed-point results on this space. Using the concepts of vector metric space and rectangular metric
space, we introduce vector valued rectangular metric space and prove CFP results for the same.

2. Preliminaries

For basic concepts and results regarding Riesz space, one may refer to C. D. Aliprantis and K. C. Border [2]. A partially
ordered set is considered a lattice if for any two elements within the set, there exists both an infimum and a supremum.
A Riesz space V is defined as a partially ordered vector space that also forms a lattice under its specified ordering. In
Riesz space V, consider £ € V and define the following:

T =¢v 0oL =(—¢)voand|f =LV (-0

The notation 9, | ¥ signifies that {39,,,} is a decreasing sequence in Riesz space V and infimum of 9,, is 9. Also, V is an
V-Archimedean ifiﬁ lO0foreachd eV, = {9 €eV:0=<9}

Lemma 2.1. [3] Let V be a Riesz space and 9 < ad, VI € V, also0 < a < 1,thend = 0.
Definition 2.2. [3] Let Z be any non-empty set and V be a Riesz space. Then the mapping
Kk :Z X Z — Visvector metric if it possesses the properties listed below:
@r@Ww) =09 =w
(b) k¥, w) = k(w,?I)
©k®Ww) < k@W,n)+ k(nw), vnd,w € Z
Then (Z, k, V) is called vector metric space(denoted as VMS).
Example 2.3.[3] LetV = R?andamapk: R X R — V defined as:
k@, w) = (019 = w|,0,]9 = w])
where 0 < 0; + 0,and 0 < o4, 0,. Then the triplet (R, k, V) is VMS.

Definition 2.4. [3] A sequence {9,,} in VMS (Z, k, V) is called vectorial convergent(V-convergent) to some 9 € V, if
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Arn,inVstn, | 0and k(I,,,9) = 1, and denoted as I,, = 9. A sequence {9,,} is V-Cauchy, if 3 7, in V s.t.
T 4 0and V m,p, we have k(9p, 9m4p ) = 7. If every V-Cauchy sequence in Z is V-convergent to a limit in Z, then
VMS Z is said to be V-complete.
Definition 2.5. [6] If Z is any non-empty set. The functionk : Z X Z - Rst. VY, w € ZandVn,¢ € Z each distinct
from¢andns.t.n,¢ & {9, w}is called rectangular metric if it satisfies the following:
@xk@Ww) =09 =w
(b) kW, w) = k(w,I)
©) k@, w) < k@,n) + k@6 + k(5 w)
Then (Z, k) is termed a rectangular metric space (RMS).
Below we give an example of RMS which is not a metric space.
Example 2.6. [4]LetZ = R,0 < r € Zanddefinex: Z XxZ — Rst.foralld,w € Z, k@, w) =x(w,I) and
3r if 9,w)=(1,2)or(2,1)
k9, w) =40 if9 = w,
r if (9,w) = (1,2) or (2,1)
Since 3r = k(1,2) > k(1,3) + k(3,2) = r + r, hence space (Z, k) is not metric space but RMS.
Definition 2.7. [13] Let Z be any non-empty set and V be a Riesz space. A vector valued rectangular metric is a
mappingk:Z XZ -V ifvY,w € Zand V n,¢ € Z each distinct from ¢ and  s.t. n,¢ € {9, w}, it satisfies the
following:
@) k@, w) 0ed=uw
b) k@, w) = k(w,Y9)
©) k@, w) = k@,n) + k®,¢) + k(S w).
Then the triplet (Z, k, V) is vector valued rectangular metric space (denoted as VVRMS).
Next, we illustrate that a VVRMS need not be VMS by the following example.
Example 2.8. [13] LetV= R? , Z = {9 : Jisanintegerand 0 < ¥ < 3} and V9, w € Z define mapping « :
Z XZ -V ask(¥,w) = k(w,9)and

(0,0) ifS=o,
k@, w)=1 3,3) if(¥,w)=(23)or(3,.2)
(1,1) if (9, w) # (2,3) or (3,2)
Since k(0,3) + k(2,0) = (1,1) + (1,1) < k(2,3) = (3,3), hence (Z,k, V) is not VMS but VVRMS.

Definition 2.9. [11] LetS,T: Z — Z.If¢ = S@) = T() forany 9 € Z, In this case 9 is known as a coincidence
point of S and T, and ¢ as a point of coincidence (PoC) for both S and T.

Definition 2.10. [11] The self-mappings S,T : Z — Z are known as weakly compatible (WC) if S@) = T () for any
9 € Z,impliesS(T(I)) = T(SM)).

Proposition 2.11. [1] If two WC maps T and S defined on Z, possess a unique PoC denoted by ¢
serves as the unique CFP for both T and S.

Proof. Giventhat¢ = T9 = S9and T and S are WC, thenwe have T¢ = T(S9) = S(TY) = Sg,ie.,T¢ = S¢
is a PoC of T and S. Although ¢ is the only PoC of T and S, so ¢ = T ¢ = Sg¢. Hence ¢ is a CFP. To establish the
uniqueness of CFP ¢, let B € Zs.t. B = T(B) = S(B). Then B is a PoC for both T and S. Since PoC is unique and
therefore B = ¢. Thus ¢ is the unique CFP for both S and T.

TY = SY,thend

3. Main Results

Inspired by the results of Kamra et al.[12], Rad et al. [16] and George et al.[8], we demonstrate certain CFP results in
VVRMS.
Theorem 3.1 Let (Z,k,V) be a VVRMS with V-Archimedean and the self mappings S and T on Z satisfies the
following conditions:
(VeI € Zk(Ts,TY) = yH(59)

wherey € [0,1),2 < aisaconstant and

H(s,9) € {k(S¢,59),k(S¢, T ¢),k(S9,T 9), i[K(SC. T¢)+ k(S9, T 9)]}
(i)T2) < S2)
(iii) Subspace T'(Z) or S(Z), is V -complete.
Then S and T possess a PoC which is unique in Z. If we assume WC of S and T then there exists a unique CFP of S
and T.
Proof. Fix arbitrary ¢, € Z. Define the sequence {9,,} by S¢;ne1 = TS = 9, Wherem = 0. Then
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K(ﬁm:ﬁm+1) = K(TgmrTgm+1) =< ]/H(Cmigm+1)l (1)
where

1
H(Cm' Cm+1) € { K(SCm' SCm+1)' K(SCm: TCm): K(SCm+1: T§m+1)v ; [K(ng' TCm)
+ K(S§m+1v T§m+1] }
1
= {K@m-1 9 1O, Oy, KOs B, = [K O, i) + KWy O]

1
= (s, B, KO B, = (K1, B) + KO B
The possible three cases are:
(I) If H(Cm' §m+1) = K(ﬁm—l:ﬁm)v implies K(ﬁm'ﬁm+1) = VK(ﬂm—ltﬁm)-
(i) 1f H(Gpy Sma1) = K(ﬂm' 19m+1)v we get
K(ﬁmvﬁm+1) = yK(ﬂm:0m+1)-
Implies k(9,,, 9m41) = 0.

(i) 1f H (s Gma1) = 5 [K(Om-1, Bn) + K (S, Ormr1)]. Then we have
|4
K(ﬁm:0m+1) = a [K(ﬁm—liﬁm) + K(ﬁmx 19m+1)]

Y Y
(1 _a) K(ﬁmrﬁm+1) = ak(ﬁm—liﬁm)

K(ﬁm:0m+1) 5 (a _ Y) K(ﬁm—lx ﬁm)

Thus

K(ﬁm' 7-9m+1) =< A K(ﬁm—lr ﬁm): (2)

where 1 € {yaL_y} < 1. Repeating the process of (2), we get
K(ﬁm:0m+1) =i K(190ﬂ91)- 3
Now
K(ﬁm: 7-9m+2) = K(TCm: T§m+2) =< yH(Cm» §m+2):

where

H(Gm, Sm+2) € {Kl(S Smr SSm+2)s K(SSim TSim) K(SSm +2) TSm2),
E [K(SCm: TCm) + K(ng +2/ Tgm+2)]}
= { K(ﬁm—l' 7-9m+1)r K(ﬁm—ll 19m), Kf(l?m+1, 19m+2)'

1
E [K(ﬁm—lrﬁm) + K(ﬁm+1rl9m+2)]}-
The possible cases are:
() 1 H(¢m) Sm+2) = K(Om-1,9m+1), then we have
K(ﬁmt l9m+2) =< Y K(ﬁm—liﬁm+1)
2 Y[KOm—1,9m) + K(Om, Ims2) + K(Oma2: Ims1)]
(1 = VKOm Ime2) = VAT Tk (0, 91) + A K (95,91)] (using (3))

KO Omaz) S A1 [Li—l)] Kk (9o, 9).

1
(i) If H(¢m) Sma2) = K(m—1,Ym), then we have
K(ﬁm' 19m+2) 5 Y K(‘L9m_1,19m)
< yA™ Lk (9,,9;) (using (3)).

(i) If If H(Smo Simaz) = K(Uma1, Oms2), then we have

K(ﬁm: 19m+2) = 14 K(ﬁm+1:79m+2)
< yA™* 1k (9,,9;) (using (3)).

(iv)) IFIf H(Gppy Smgn) = i [K(Om-1,9m) + K(Om+1,9m+2)], then we have
KOy Imsz) = LK1, Om) + KOms1, Oms2)]
< Vam111 4 220, 9,).
¢ Thus
KO Ime2) = Pm k(Do 1), 4)
where 5, € {Am1, Y4 yametyamed Lameiy 4 21}, 5, 0asm oo
Now consider k(9p,, 9m4p), We have the following cases:
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Case 1. Letp beodd and p = 2n + 1, where n is a non-negative integer. By rectangular inequality, we have
K(ﬁm:ﬁm+p) = K(ﬁmrﬁm+1) + K(0m+1'19m+2) + K(ﬁm+2:19m+p)
=< K(ﬂm' 19m+1) + K(ﬁm+1ﬂ9m+2) + K(ﬁm+2'19m+3) + K(ﬂm+3l 19m+4)
+ K(ﬁm+4']9m+p)
=< K(ﬁmv 19m+1) + K(ﬁm+1v19m+2) +- + K(ﬁm+2n—1:19m+2n) + K(ﬁm+2n: 19m+p)
ﬁ Amk(ﬂo, 191) + /‘lm+1k('l90, 191) + A + /‘lm+2nK(190, 191) (USing (3))
< {0} L 0.
Case 2. Let p be even and p = 2n, where n is a positive integer. By rectangular inequality, we have x(ﬁm, 19m+,,) <
K(ﬁm:ﬁm+2) + K(ﬁm+2r19m+3) + K(ﬁm+3'19m+p)
= K(ﬂm' 19m+2) + K(ﬁm+2']9m+3) + K(ﬁm+3'19m+4) + K(ﬂm+4l 19m+5)
+ K(ﬂm+5ﬂ9m+p)
2 kO Imi2) + KOmi2Imas) + 0 + K(Omizn—1, Imizn)
2 B k(99,91) + {AMF2 + AMF3 4. 4 A2 (9, 9;) (using (3) and (4))

m+2
=< {ﬁm + mK(ﬁO,ﬁl)} 10.
Hence {9,,} is V-Cauchy in Z, then there exists a,,, in V such that a,,, | 0 and
KO Omap) = Q. (®)

for all m and p. Since T(Z) S S(Z) and the range of at least one is V-complete, implies the existence of some s €

A
S(Z)wehave T¢,, = 9y = SCmsa = s. So 3 asequence {r,} e Vs.t. i, L 0 and
K(9pm, S) X 1y (6)
Further since s € S(Z) then we can find w € Z s.t. Sw = s. Now, we claim that Tw = s. We have

K(TW'S) = K(TW'TCm) + K(TCm'T§m+1) + K(TCm+1' S)
= k(Tw,T¢m) + KOmIms1) + K(TGms1,S)
< YHW, ¢) + ay, +1myq (using (5) and (6)
=< '}/H(W, gm) + am + "m ( Tm+1 = rm)
where

HW, G1n) € {(SW, S63), K(SW, TW), K(SGrm, Tm), > [k(SW, Tw) + k(SGim, T}

= { (s, Sgm), (5, TW), Ko, B, [K(5, TW) + 1 (O, 9]}
Here, we examine four different cases:
() IfHw, ¢p) = k(s,S5¢,), then

k(Tw,s) 2 yk(s,S¢pn) + am + 1y
S+ Dt + @t (¢ @y 2 aperand 1y 2 19)

implies k(Tw, s) = 0.
(i) If Hw, ¢py) = k(s,Tw), then

k(Tw,s) = yk(s,Tw) + ap, + 1y,
1 —KrTw,s) 2 a, +mn,

k(Tw,s) < — [am + 1]

implies k(Tw, s) = 0.
(iii) If Hw, ¢;n) = k(p—1, ), then

K(Tw,s) = yK(Om_1,9m) + am + T
Yam-1 + am + Iy (using (5)
(y + 1)am—l + m

I IA

implies k(Tw,s) = 0.
(V) If H(w, ¢,)) = = [1(s, TW) + k(9,,_1, 9)], then

a
k(Tw,s) =< g [k(s, TW) + K(Om-1,9m)] + am + T
a;yK(TW’ S) ﬁ yam_1+z;am+arm

1
k(Tw,s) < g [y + @)a,,—q + ary]

We get k(s,Tw) = 0, implies Tw = s. Hence s is a PoC of S and T. For proving uniqueness of s, let s; be another
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PoCof SandT. Thenthereisaw; inZs.t.s; = Tw; = Sw;. Implies

k(s,s;) = k(Tw,Tw,) < yH(w,w;)
where
Hw,w;) € {k(Sw,Sw;), k(Sw, Tw),k(Swl,Twl),% [k(Sw,Tw) + k(Swy, Tw,)]}

1
= {K(S, Sl),K(S, S),K(Sl, Sl)la [K(S: S) + K(Sllsl)]}

= {0! K(sl Sl)}'

This implies k(s,s;) = 0 and so s = s;. Hence S and T have a PoC, which is unique, say z. Further, if both the
mappings are WC then by proposition 2.11., z is a unique CFP of S and T.
Theorem 3.2. Let (Z,k,V) be a VVRMS with V-Archimedean and the self mappings S and T on Z satisfies the
following conditions:
VeI € Z,k(Tg, TI9) =< yYH(5, V)

wherey € [0,1),2 < aand
H(g,9) € {K(Sc. 519),2 [ (89, T¢) + k(Sg,Tg) + k(Sg, S9)], i[K(Sﬁ, T¢) + k(SY,TVY) + Kk(S, 519)]}
(iNTZ) < SZ)
(iii) Subspace T'(Z) or S(Z), is V -complete.
Then S and T possess a PoC which is unique in Z. If we assume WC of S and T then there exists a unique CFP of S
and T.
Proof. Fix arbitrary ¢, € Z. Define the sequence {9,,} by S¢;ps1 = T = 9, Wherem = 0. Then
KO Ome1) = K(TSm, TGme1) = yHl(Cm' Sm+1)s
Where H(Cm' Cm+1) € {K(ng:SCm+1)rZ [K(SCm+1r TCm) + K(ngt Tgm) + K(ngt ng+1)]:

1
2 [ (SSm+1, TSm) + K(SSma1, TSms1) + K(SSm, SGme1)1}

= (KB pre1, B, Ky ) + KBy, ) + K Bps, O]

1

a (KO, ) + KOy Oms1) + K(Ome1, 9) 1}

= {1, 9m)s = KOs, Oy 5 [y O 1) + 1Oy, O]}
The possible three cases are:
) IfF HGm Sma1) = K(m—1,9m), then we have

) K(ﬁmt l9m+1) =< yK(ﬁm—l'ﬁm)-
(i) 1 H(Gmy Sme1) = ;K(ﬁm—lrﬁm)7 we get
KOm Omar) = %yic(ﬁm_l,ﬁm) (note that %y< 1).
i) 1f H(Gpp) Sms1) = %[K(ﬁm,ﬁm_ﬂ) + K(Om1, 9m)]. Then we have

Y
KOy Omy1) = E[K(ﬁm—pﬁm) + KO, Ims1)]
14 Y
(1 _a) KOy Oma1) = EK(ﬁm—l:ﬁm)

KO, Ima1) = ( 4 )K(ﬁm_l,ﬂm) (note that aL_y < 1).

a-y

Thus
KO, Oms1) = Ak, 9m), (7
where 1 € {y%yay:} < 1. Repeating the process of (7), we get

K(Om) Ime1) X AT k(9p,94). (8)
Now
K(ﬁmlﬂ Imt2) = K(TGm Tomez) = YH(Gm) Sm+2)
where H (¢, Sm+2) € {K(SSm, Sm2), 7 [K(SGma2, TSm) + K(SGm, Tm) + 1(SGm, SSma2)],

1
2 [ (SSm+2: TSm) + K(SSmi2, TSmu2) + K(SSm, SGm42)1}

1
= {K(ﬁm—1'0m+1)va [K(ﬁm+1!19m) + K(ﬁm—liﬁm) + K(ﬁm—li 19m+1)]:
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1
E [K(ﬁm+1: l9m) + K(ﬁm+1']9m+2) + K(ﬂm+1l 19m—1)]}-

The possible cases are:
(I) If H(Cm' gm+2) = K(ﬁm—1v6m+1)' then we have
K(ﬁmrﬁm+2) = 14 K(ﬁm—1'0m+1)
= y[K(ﬁm—lvﬁm) + K(ﬁmv 19m+2) + K(0m+2:19m+1)]
(1 = VKOm Oms2) < VAT K (90, 91) + A" K (9, 91)] (using (8))

[y + 22
KOy Omaz) < A1 [ﬁ Kk(89, 01).

(“) If H(Cm' Cm+2) = %[K(ﬁm+1'ﬁm) + K(ﬁm—l: l9m) + K(ﬁm—lﬂﬁm+1)]' then we have
K(ﬁm'ﬁm+2) = E[K(ﬁm+1: l9m) + K(ﬁm—lﬂﬁm) + K(ﬂm—llﬂm+1)]
=< g [K(0m+1:19m) + K(ﬁm—lrﬁm) + K(ﬁm—liﬁm) + K(ﬁm:ﬁm+2)
+K(]9m+2'19m+1)]
(1 - g) KOy Omaz) < Z[A™ 4 A1 4 A1 4 (9, 9, ) (using (8))
m-1
KOy Imsz) < B AL + D) + 280, 9.
(“I) IfIf H(Cm' Cm+2) = %[K(ﬁm+1ﬂ9m) + K(ﬁm+1' 7-9m+2) + K(ﬁm+1'19m—1)]' then we have
KO Om2) = 5 (K@ m+1,Im) + KO ms1, Imaz) + KO msr, Im-1)]
|4
= a [K(ﬁm+1']9m) + K(ﬁm+1'19m+2) + K(ﬁm+1'19m+2) + K(ﬁm+2'19m)]
+K(19mr 19m—1)]
(1= L) K@ Ormaz) S LA™ + A4 A7+ A7 Jke(9,9,) (using (8))

KO, Oms2) < B (AL + 200 + 1], ).
Thus
K(ﬁm'ﬁm+2) = ﬁm K(ﬁo' 191)- (9)

2 m—1 m-—
where f,, € {11 [%],%[m +21) + 2],Vi_y
Now consider K (I, Ypm+p), We have the following cases:
Case 1. Letp be odd and p = 2n + 1, where n is a non-negative integer. By rectangular inequality, we have
K(ﬁmvﬁmﬂ)) = K(ﬁm'ﬁm+1) + K(ﬁm+1ﬂ9m+2) + K(ﬁm+2119m+p)
2 KO Ume1) + KOst Omaz) + KOsz, Omasz) + K(Omasz Imea)
+ K(ﬁm+4-'l9m+p)

= K(ﬁm: 7-9m+1) + K(ﬁm+1: 7-9m+2) +-- +K(7~9m+2n—1119m+2n) + K(ﬁm+2n'19m+p)

A (99,9,) + A (9, 91) + -+ + A2, (9, 9;) (using (8))
m

{000} L0,
Case 2. Let p be even and p = 2n, where n is a positive integer. By rectangular inequality, we have K(ﬁm, 19m+,,) <

KOy Oms2) + KOz, Imes) + K(0m+3:19m+p)
= KO, Oma2) + KOsz, Omaz) + KOsz, Omsa) + K(Omsar Onss)
+ K(ﬁm+5'19m+p)
=< K(ﬁmrﬁm+2) + K(0m+2:19m+3) +--- K(ﬁm+2n—1’19m+2n)
2 B k(Yg,91) + {(AMF2 4+ AMF3 4o AL (9, 9,) (using (8) and (9))

“[AQL +22) + 1]}, B > O as m - o,

=
=

m+2
=< {.Bm + mk(ﬁo,ﬁl)} 1 0.
Hence {9,,} is V-Cauchy in Z, so then there exists a,, in V such that a,,, { 0 and
K(19m, 19m+p) < ap. (10)

for all m and p. Since T(Z) S S(Z) and the range of at least one is V-complete, implies the existence of some s €

S(Z) we have T¢,, = 9 = SCms1 = s.So3 {r,,} Vst rn,l0and
K(9p, S) X 1y (11)
Further since s € S(Z) then we can find w € Z s.t. Sw = s. Now, we claim that Tw = s. We have
k(Tw,s) 2 k(Tw,T ¢p) + k(TG TSms1) + K(TGms1,5)
= K(va TCm) + K(ﬂm:ﬂm+1) + K(TCm+1’S)
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< YHW,¢,) + a,, +1pmeq (using (10) and (11)
5 ]/H(W' Cm) + am + rm ( rm+1 5 rm)!
where H(w, ¢,,) € {r(Sw, ng),i [k (S¢m, TW) + K(Sw, Tw) + k(Sw, S¢,)],
1
2 [ (SSm, TW) + K(S¢m, Tsm) + K(Sw, S¢p)]}
1
= {K(S'SCm)'E [K(Sle TW) + K(S' TW) + K(S, ng)]'

1
2 [K(SGm TW) + K(SSm, TGm) + K(s,Scm)]}-
Here, we examine three different cases:
M) IfHw, ¢p) = k(s,S¢,,,), then
kK(Tw,s) =2 yk(s,S¢m) + am +
S+ Drpeg + 11 (0 ay, X apogand 15, < Tpoq).
implies k(Tw, s) = 0.
(ii) 1 HW, ) = = [1(SGm, TW) + K5, Tw) + (5, S6)], then

k(Tw,s) =< E[K(S(;m, Tw) + k(s,Tw) + k(s,S¢)] + apy + Ty

IA

E[K(ng, T¢) + K(Tgm, s) + k(s, Tw) + (s, Tw) + (s, S¢;,)] + am + T

E[K(ﬁm—lrﬁm) + k(T¢m, ) + k(s,Tw) + k(s,Tw) + k(s,5¢,,)] + apm + 1y

IA

2
(1 — %) k(Tw,s) < g[am_l +2b, qltam+1, 5y L Tpoq)

14
k(Tw,s) < (a — 2y + 1) A1 + <

a-—y a
Ta-2y -1+ Zyrm_l'
implies x(Tw, s) = 0.
(i) IFH(w, ¢p) = % [K(S¢m TW) + K(S¢m, Tem) + (s, S¢,)], then
k(Tw,s) < E[K(ng, Tw) + k(56 T¢m) + K(5,S¢)] + ap + T

a—2y + 1) Tm-1

< E[K(ng, T¢m) + kK(Tgm,s) + k(s,Tw) +ay_q +1p_q] + ay + 1y

(1 — g) k(Tw,s) < g[am_l + 1+ Apg + Tl + Qe + Tt

2
k(Tw,s) < (ﬁ + 1) (am-1 + 1)
a+y
= a—7y (Am—1 + Trm-1)-

We get k(s,Tw) = 0, implies Tw = s. Hence s is a PoC of S and T. For proving uniqueness of s, let s; be another
PoCof SandT. Thenthereisaw; inZs.t.s; = Tw; = Sw;. Implies

Kk(s,s1) = k(Tw,Twy) = yH(w,w,)
where H(w, w;) € {k(Sw, Swl),i [k(Swy, TW) + k(Sw, Tw) + k(Sw, Sw,)],

E[K(Swl,Tw) + k(Swy, Twy) + k(Sw, Swy)]}
= (5,500, (o1, 5) s, ) + K5, ))
(s, + sy + ks, 5]}

2
= {K(s, sl).ak(sl.S)}-
The following two cases arise:
(i) If Hw,w;) = k(s,s;), then
k(s,s1) 2 yk(s,sy).
Thus k(s,s;) = 0,impliess = s;.
(i) IFHw,wy) = gx(sl,s), then
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Kk(s,s1) = %yic(sl,s).
Since %” < 1,wegetk(s,s;) = 0impliess = s;. Hence S and T have a PoC, which is unique, say z. Further, if both
the mappings are WC then by proposition 2.11., z is a unique CFP of S and T.

Theorem 3.3. Let (Z,k,V) be a VVRMS with V-Archimedean and the self mappings S and T on Z satisfies the
following conditions:
Ve € Z k(Tg, TY) = a;k(Sg, Tg) + a,k(S9, TI) + azk(Sg, SI)
where 0 < @y, ay, az andYs_; a; < 1
(i)TZ) < SZ)
(iii) Subspace T(Z) or S(Z), is V -complete.
Then S and T possess a PoC which is unique in Z. If we assume WC of S and T then there exists a unique CFP of S
andT.
Proof. Fix arbitrary ¢, € Z. Define the sequence {9,,} by S¢;ps1 = T = 9, Wherem = 0. Then
K(ﬁm'ﬁm+1) = K(TCm'TCm+1) = al’c(SCm' TCm) + aZK(SCm+1' TCm+1) + a3K(SCm'SCm+1)
= O K(Om-1,9m) + A2k(Opm, Oims1) + @3k(Om—1,9m)
= (a1 +a3)k(Opm—1,9m) + a2k (Om, Oms1)-

And
K(ﬁm+1'19m) = K(T§m+1:TCm) =< alx(SCm+1xTCm+1) + aZK(Sme Tgm) + ‘XSK(SCm+1'S§m)
= alK(ﬁmrﬁm+1) + azk(ﬁm—liﬁm) + QSK(ﬁm'ﬁm—l)
= A KOy Ima1) + (@ +a3)k(Op—1, 9)-
Hence
2K('-9m']9m+1) = (0!1 + az)’c(ﬁm'ﬁm+1) + ((11 + a; + 2“3)K(19m—1'19m)
©, 9 )<a1+a2+2a3 © 9 )
KW Um+1) = 2—0!1—a2 KUm-1,Um
= K (m-1, Im)- (12)
where 1 = “;J'Z;J’Z‘“ < 1. Repeating the process of (12), we get
—a1—ay
KOy Ima1) =A™ k(Fg, V). (13)
Now
K(Om Oms2) = K(TSm TSmae2)
= alk(SCm: TCm) + QZK(SCm+2:T§m+2) + a3K(5§m»S§m+2)
= O K(Om-1,9m) + A2k(Oms1, Oma2) + a3k(Om-1,Ims1)
< A" k(90,91) + aA™ L k(9y,91) + az[k(Opm—1,9m)

+K(19m119m+2) + K(ﬁm+2:l9m+1)] (USing (13))
(1 = az)k(Om Ims2) = [a1/1m_1 + azlmﬂ]'c(ﬁoﬂ%) +as [Am_l + Am“] K(9y,91)

k(O D) < (0;1_;023/1’"‘1 + “12%;{:,1’"“) k(9. 9,).
Thus
K(ﬁm' '9m+2) ﬁ .Bm K(190» 7-91)1 (14)
where B, = “11_;:‘:,1’"-1 +"‘12+:,1m+1, B, — 0asm — oo.

Now consider K (I, ¥pm+p), We have the following cases:
Case 1. Letp be odd and p = 2n + 1, where n is a non-negative integer. By rectangular inequality, we have
K(ﬁmrﬁmﬂa) = KOmIme1) t KOma1, ma2) + K(0m+2'79m+p)
= K(ﬁm' 19m+1) + K(ﬁm+1ﬂ9m+2) + K(ﬁm+2:79m+3) + K(ﬁm+3' 19m+4-)
+ K(ﬁm+4'19m+p)
=< K(ﬁm: 19m+1) + K(ﬁm+1: 19m+2) +-0 + K(ﬁm+2n—1'19m+2n) + K(0m+2n: 7-9m+p)
A (99,91) + A (9,9,) + -+ + A2k (9,,9;) (using (13))
{fjx(ﬁo,ﬁl)} Lo.
Case 2. Let p be even and p = 2n, where n is a positive integer. By rectangular inequality, we have x(ﬂm, 19m+p) <
KOy Oms2) + KOsz, Imes) + K(0m+3:19m+p)
= KO, Oma2) + KOsz, Omaz) + KOsz, Omsa) + K(Opsar Onss)
+ K(ﬁm+5'19m+p)

=< K(ﬁmtﬁm+2) + K(ﬁm+2'19m+3) +- + K(ﬂm+2n—1!19m+2n)
2 B k(Yg,91) + {(AMF2 + AMF3 4o 4 AL (9, 9;) (using (13) and (14))

=<
<
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m+2

=< {,Bm + mk(ﬁo,ﬁl)} 10.

Hence {9,,} is V-Cauchy in Z, so then there exists a,,, in V such that a,,, | 0 and

K(ﬁmv 19m+p) = am, (15)
for all m and p. Since T(Z) S S(Z) and the range of at least one is V-complete, implies the existence of some s €

S(Z)wehave T¢,, = 9 = S¢my K—'Ys. So3 {rn,}eVstn,l0and
KO, s) X 1. (16)
Further since s € S(Z) then we can find w € Z s.t. Sw = s. Now, we claim that Tw = s. We have
K(TW:S) = K(TW'TCm) + K(Tle T§m+1) + K(TCm+1'5)
L k(Sw, Tw) + ayk(S¢m, T6m) + ask(Sw,S¢,) + K(Om, Ima1) + Tmaa
< ak(s, Tw) + ayk(m—1,9m) + a3k(S,S¢) + Ay + T (% Tipgr = 1)
(1 —-a) k(Tw,s) < ayam_q + A3tp_q + Q1 + Tea
a, 1+a,
) Am-1 1_—6117’m—1-

1+
k(Tw,s) < =

We get k(Tw,s) = 0, implies Tw = s. Hence s is a PoC of S and T. For proving uniqueness of s, let s, be another
PoCof Sand T. Thenthereisaw; inZs.t.s; = Tw; = Sw;. Implies
k(s,s1) = kK(Tw,Twy) < a1k(Sw,Tw) + a,k(Swy, Twy) + ask(Sw,Sw;)
= a;k(s,s) + ayk(sy,s1) + ask(s,s;)
= azk(s,s;).
Since a3 < 1, implies s = s;. Hence S and T have a PoC, which is unique, say z. Further, if both the mappings are
WC then by proposition 2.11., z is a unique CFP of Sand T.
Corollary 3.4. Let (Z,x,V) be a VVRMS with V-Archimedean and the self mappings S and T on Z satisfies the
following conditions:
()Ve¢d € Z k(Tg, T9) <X yx(S¢,S9)
wherey € [0,1)
(iVT(Z) c S©Z)
(iii) Subspace T'(Z) or S(Z), is V -complete.
Then S and T possess a PoC which is unique in Z. If we assume WC of S and T then there exists a unique CFP of S
and T.
Proof. Result is obtained by choosing @; = 0 = a,,a; = y in Theorem 3.3.
Corollary 3.5. Let (Z,x,V) be a VVRMS with V-Archimedean and the self mappings S and T on Z satisfies the
following conditions:
)Ve9 € Z (T, TY9) = y[k(S¢,T¢)+ k(S9,T9)]
wherey € [Oé)
(i)TZ) < SZ)
(iii) Subspace T'(Z) or S(Z), is V -complete.
Then S and T possess a PoC which is unique in Z. If we assume WC of S and T then there exists a unique CFP of S
and T.
Proof. Result is obtained by choosing ; = 0 = a,,a; = y in Theorem 3.3.

Example 3.6. Let Z = R,V = R? with coordinatewise ordering and for all ¢,9 € Z mapping K:Z XZ -V
such that
k(9) = (¢ —d|al¢ =19,
where « > 0 is a constant. Then space (Z, k, V) is VVRMS.
Define self mappings T and S on set Z such that
(04

(ifc#0
g = 1B+
Y tif¢=0
and
ag: if¢#0

S(¢) =4y :ifg=0

where § = 1,and y # 0. If (¢,9) = (0,0),then x(T(¢), T(I)) = x(y,y) = 0,andif (¢,9) # (0, 0), then we have
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og o
k(T(9), TM)) = (B + 1’m)
1
= gypdas - adlalas —ad))

1
< E;c(S(g),S(ﬁ)).

Thus we have k(T (¢), T(¥)) = Ak(S5(),SW)),V¢,9 € Z, where A = % € (0,1]. Since S(0) = T(0) then 0 is a
coincidence point of T and S in W. Here mappings T and S are not WC since
=% -
TS(0) = A+ 1 # ay = ST(0).
Further T and S do not have CFP.

Example 3.7. Let Z = R,V = R? with coordinatewise ordering and for all ¢, € Z mapping K:ZXZ->V
such that
k(,9) = (¢ = dlalg =91
where « > 0 is a constant. Then space (Z, k, V) is VVRMS.
Define self mappings T and S on set Z such that
T¢ = ¢? and S¢ = 2¢? — 1.
ThenV¢,9 € Z, we observe that
(i) (TG, T9) = 21(Sg,S9) = A(Sg,S9) where 1 € [%,1)
(i) T(Z) = [0,00) € [-1,0) = S(Z)and T(Z) is V -complete subspace of Z
Then 1, —1 are coincidence points of T and S and 1 is unique PoC. Also mappings T and S are WC since
T(S(1) = TA) =1 =5S1) = S(T(1)andT(S(-1) = T(1) = 1 = S(1) = S(T(-1)).
Then 1 is a unique CFP of T and S.

Conclusion

Motivated by the common fixed point results available in literature for metric space [10, 11, 14], rectangular metric
space [6, 8] and Riesz space valued metric spaces [3, 7, 12, 13]. We carried on our study of common fixed point result
on vector valued rectangular metric spaces. In this case, the metric is Riesz valued. Our results generalize some of the
known results. However, there is enough scope to investigate these problems when instead of Riesz space if we take
some other space.
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