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ABSTRACT:

The present paper analyses a queue network model comprising of parallel subsystem commonly linked with two different
service channels in series. The arrival follows the poison distribution laws. The various queue parameters have been
derived using generating function technique and laws of calculus in steady state condition. Numerical illustration provided
validates the model in better way. The proposed model finds its applications in various fields like administrative setup,
shopping malls, hospitals, banking sector and many similar real life situation.
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1.INTRODUCTION:

Queuing theory deals with the study of customers waiting in line and examines its various components i.e. arrival process,
number of servers and no. of customers that might be cars, people, data packets or anything else. Formation of queue is a
part of our routine life. Various queuing models have been formed to provide better services to the customer. One of the
earliest Study in queuing theory was procured by A.K. Erlang (1909) to examine the waiting time in telephone services.
Jacksons (1954) deliberate the way of behaving of a queue system carrying phase type facility. Suzuki (1963) examines
the action of arrangements when two queues are in series. Shaler Stidham Jr. et.al. (1993) developed a model based on
Markov decision theory for the optimal control of network of queues. Huimin Xiao et.al. (2010) discussed application of
queuing theory in banking system. Deepak Gupta et.al. (2012) deals with the linkage between queue network to obtain
minimize elapsed time and mean queue length i.e. two fold objective. AVS Suhasini et.al. (2013) analyse a time
dependent queuing model containing parallel and series configuration. Deepak Gupta (2013) et.al. considered a model
consisted of biserial server linked to a common server in fuzzy environment. Md.Al- Amin Molla (2017) develop a single
service channel waiting model. Harminder Singh et.al. (2019) analyse a network queue model be made up of parallel
service channels linked with a common server. Deepak Gupta et.al. (2021) studied steady state behaviour of a complex
model containing biserial and parallel service channel connected in series with single server. Vandana Saini (2021) et.al.
discussed a complex model containing three subsystems. Deepak Gupta (2022) et.al. developed a queue network model
with fixed batch size. Deepak Gupta (2022) et.al. studied a feedback queue model comprised of biserial and serial service
channel. The Present manuscript explores a queuing system, where a single server is connected in series to three parallel
servers and these servers are further associated to another single server for the completion of service.

2.PRACTICAL APPLICATION:

The proposed model finds its applications in Hospitals, Banking System and Manufacturing concern etc. Let us consider
the situation of multi specialist Hospital. Suppose that there are three sections, first is registration section, second section
is for given therapy treatment that further contains three subsections, one is of Physiotherapy, second is of Naturopathy
and third is of Acupressure therapy and last section is for paying bill. The Patient come in Hospital firstly move to
registration section and after getting registered the patient is allowed to move either one of the three sections, after taking
treatment one of the therapy according to their need, Patient clears the bill and then leave the system.

3. NOTATIONS

The notation used in the analysis of queuing model are as follows:
Number of customers c [ [ Cy Cs
Service Channels 54 S, S3 Sy Ss
Arrival rate A
Service rate ey —Biy iy Hy Hs
Probability of Customer switching between service channel Si S, ag, Si S;ags Si S;aq,
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4. DESCRIPTION OF THE MODEL

The model under consideration in the queuing system consist of three service channels s, , s'; and ss.Further the service
channel s’; contains three parallel subservice channel s,, s; and s,. Let there are ¢y, ¢,, ¢, ¢, and c5 number of customers
in front of the service channel sy, s, , 53,5, , S5 respectively. The service channel s’; is commonly connected in series
with two service channels sy, s5. Let A1 is arrival rate at service channel s;. Let w1, p2, ps, pa and ps is average service rate
at service channel sy, s,,53, S4,55 respectively. The customer come in the front of service channel s;, formed a queue and
will take their service and after taking service from s, the customer will allowed to move either one of the three subservice
channels s,,s5, s, with probability a,, , a5 and a,, such that a1, + @13+ @14= 1 and then customer will move to the service
channel sg and after getting service leave the system.

S
H2
M H a;; M3 Hs
< EN
a 4

Figure 1.Queuing network model
FORMULATION OF DIFFERENTIAL DIFFERENCE EQUATIONS:

Let P, c, cschc5 MEPreEsents the probability that there are ¢y, ¢;, ¢35, ¢4, ¢s NUMber of customers in front of s;,s;, 53,4, S5

service channel waiting to take its service respectively.
The differential difference equations in transient state are as follows:
For ¢1>0, ¢2>0, ¢3, ¢4, c5>0
Plcl, €y C3 ¢y cs(t) = -()\,1+u1+p2+ H3+HA+H5) Pcl’ €y C3 4 cs(t)Jr)hchl—l, Cy, Cq, Cgs cs(t)+ Hixqo F)cl+1, Cy-1, 3, Cy, cs(t)"'lllalg Pc1+1, €y, C3°L,
cy c5(t)+l»lla14pcl+l, €y, €3 gL, c5(t)+l/l2pc1, Co+l, Ca, ¢y c5—1(t)+}»l3pcl, €y, Ca+l, Cy, c5—1(t)+ H4Pcl, Cy, Ca, c4+1,c5—1(t) +Hs5 I:)cl, €y, C3 Cyy c5+1(t)
The differential difference equations in steady state are as follows:
For ¢1>0, ¢2>0, ¢3, ¢4, c5>0
(xl+H1+HZ+H3+W+P«5) Pcl, ¢y €3, Cy, c5(t):>\1pc1—1, €y, €30 Cyy cs(t)"' Hick1o Pc1+l, cyl, cg, ¢y, c5(t)+Hla13 I:)c1+l, cy C3-L, ¢y, cs(t)+H1a14 I:)c1+l,
€y, €3, G4l cs(t)"'llzpcl, Cytl, C3 €y, cs-l(t)+llspcl, Cy, C3*L, ¢y, 05-1(t)+ H4pc1, Cy, €3, c4+1,05-1(t) +MU5 Pcl, €y, €3, Cyy c5+1(t)
By considering all the possible combination of different values of ¢, c¢,, c3, ¢4, ¢5 , 32 equations are obtained.
For ¢1>0, ¢2>0, c3, C4, cs>0
()u""].l.1+|yl2+],l3+jyl4+lyls)Pclyc2chyc4'c5(t):7L1Pc1—1,c2,c3,c4,c5(t)+}/lla’12 Pc1+1,c2—1, Cg, Cyy 05(t)+ula13 Pcl+1, ¢y €571, ¢y, cs(t)+H1a14 Pc1+1, €y Cg
sl cS(t)""HZPcl, Cy+l, Cg €y, 05—1(t)+H3Pcl, Cy Ca+l, cy 05»1(‘?)"" M4Pc1, €y Cqs c4+1,c5-1(t) +MH5 F)cl, €, €3, Cyy c5+1(t) (1)

For c1=0, €2,c3,4,cs>0
(Mot patpatps) Po [Cp €3 ¢4 05— Hill2 Py, ¢yl cg ¢y 5 + H1 Q13 Py, ¢y, Cq7L, Cg, C5 + 114 Py, €y Cq, €41, 05+H2P0, ¢y*1, g, ¢y, C51 + uaPo,
Cy, Cq+l, €y, €51 + H4PO, Cy, € Cqtlesl + s PO, Cy, Cq, €y C5*+1 (2)
For c1>0, ¢2=0,c3,c4,c5>0
(XI+M1+H3+HA+H5) Pcl, 0 c3 ¢4 Cg =M Pcl, 0, ¢3 ¢4 C5+ HL a3 Pcl+1,0 1 C3-L, ¢4 05 + 114 Pc1+1,0 /€3 4L, c5+P-2Pc1, 1,¢q, ¢4 51 +P-3Pc1, 0,
catl, g, 05—1+H4pc1, 0, cq Ctlesl + Us Pcl, 0,3, €y, C5+1 (3)
For ¢1=0, ¢2=0,¢3,c4,c5>0
(Mtpatpatys) Po’ 0 5 ¢4 5= M1ll13 P10, cg1 cp 05 + M1014P10, ¢y ¢p1 e TH2P0, 1, c341, ¢ e 1TH3PO0 104 01 HaPO0c5 1 05

14+H5P0,0,c5.¢,.c5+1 4)
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For c1>0, ¢2>0, ¢3=0, ¢4, cs>0
(}M1+HI+H2+M4+H5) Pcl, ¢y 0. ¢y 5= M Pcl, ¢y 0, ¢y, c5+ },l10(12P ¢1+1,¢)-1,0,¢4, 05 + H1a14pcl+l, cy0, c4-1,05+Ll2Pcl,cz+1,1,c4,c5-
1713Pe; ) 1y051HHaPey cp.0.04+1.05-14M5Pe 5 000541 ®)
For ¢1=0, ¢2>0, ¢3=0 ¢4, c5>0
(Aatpotpatus) Poc, 0, 5= H1a15P 1,651, 0,¢4 ¢ + P1@14P1 €0, ¢41, e TH2P0, c)1, 1, ¢ et + M3POc, 1.4 051 T HAPOCy 00441 -
14+M5P0.c, 0,04+ (6)
For ¢1>0, ¢2>0, c3, c4=0 c5>0
(}M1+Hl+ll2+ M3+}15) Pcl, ¢y ¢3 0 5= M Pcl, €y €30, c5+ }110[12P g+l 6y, 65,0, ¢5 + HL aq3 Pc1+1, cy 03-1,0,05+H2P01,02+1,03+1,0,05-
1HU8Pe ey c5+1,0,051THaPe) ¢4 L c514+H5Pey ¢5.05,0.05+1 @)
For c1=0, ¢2>0, c3, ¢4=0 ¢5>0
(mtpatpstys) Po c, oy 0 6= M1@12P1 c)1, 05,0, 65 + M1 @13P1 0y, 051, 0, 0 + H2P0cy+1.04+1,06511H3P0 G 05+1,0,051 T HaP0 ) 051 -
1+M5P0c, 50,0541 8)
For ¢1>0, ¢2>0, cs, €4, c5=0
(7»1+}l1+u2+ Ll3+lJ4) Pcl, ¢y Cg. c4vo= M Pcl, Cp1 €3, Cyy ot Mlaup ¢ *L, ¢yl 63,04, 0 4 HI g3 Pcl+1, €y C3-1,cy 0 + H1a14pc1+1, €y, €3, ¢yl
0++H5P0,02,c3,0,1 (9)
For c1=0, c2>0, c3, ¢4, c5=0

(Mt patpa) Po o, ¢ ¢y 0= M1Q12P 1,001, 05,050 + L1 @13P1 65, 031,000 4 M1@14P1 ), 0504010

+M5Poc, c50.1 (10)

For ¢1>0, c2=0, c3 = 0,c4,c5>0
(Mtpitpatps) Pep 0 0 ¢y o= A1 Pey0,0,¢g cp H1@14Pe4+1,0,0,¢41 e TH2Pey, 1,1, ¢y, c1 T 13Pe) 0, 1,001 14Pe 00,6441,

1+H5Pc1,0,0,c4,c5+1 (11)

For ¢1=0, c2=0, c3 = 0,c4,c5s>0
(Mtputpatps) Po o o ¢y o= M1@14P1,0,0,¢p1, ¢ TH2P0, 1,1, ¢, e T 13P0,0, 1, ¢, 1 T 14P00, 0, ¢

14+M5P0,0,0.¢, c5+1 (12)

For c1>b1, c2=0,c3>0,c2=0,c5>0
(7&1+H1+P—3+H5) Pcl, O' c3, 0' cg =M Pcl»bl, 0,3 0,¢5 + W13 Pc1+1, 0,¢3-1,0,¢cg JrHzl:)cl, 1,¢53+1,0, c5-1 + H3Pcl,0,c3+1,0,c5-l+P-4Pc1,O,c3,1,c5—
(13)

14M5Pc 0,c50,c5+1
For ¢1=0,c2=0,c3>0,c4=0,c5>0
(Mtpstps) Po o ¢y 0c= M1 @13P1, 0,51, 0,c5 TH2P0, 1, ¢5+1, 0, ¢c1 T 13P0,0,¢5+1,0,c51 + 1P, 0,5, 1o

14+H5P0,0,c5,0,c5+1 (14)

For ¢:>0, c2=0,c3,c4>0,c5=0
(XI+P«1+H3+H4) Pcl’ 0cg c4’O: M F)cl, 0, c3,¢s04 H1 a3 Pc1+1, 0,c31,¢40 + Hla14pcl+l, 0,cg c4—1,0+H5P0,c2,c3,0,1
(15)
For ¢1=0, c2=0,c3,c4>0,c5=0
(Mtpstpa)Poo ¢y 0, 05111 3P10.651,0,, 04 M1X14P1,0,050,-1,0415P0c) 00,1
For ¢1>0, c2>0,c3=0,c4= 0,c5>0
(Mtputpatps) Pey ¢, 00 =21 Poy, ), 0,0, 057 1112P 6141, 0,1, 0,0, TH2Pey, 6,411, 0, 051 F MaPe, 6, 1.0,051FMaPe 00,1 0
17)

(16)

1+M5Pc; ¢,005+1
For ¢1=0, c2>0,c3=0,c4=0,c5>0
(Mtpatps) Po ¢, 0.0 ¢ = H1@12P 1,¢,1,0,0,¢712P0, ¢y+1,1, 0, c1 + 3P0, ¢, 1,0, c51 + 4P, ¢, 0,105
(18)

14+H5P0.c,,00,c5+1
For ¢>0,c2>0,c3=0,c4>0,c5=0
(Mt utpetpa) Pe; ¢, 0¢,0= M Pey,c,y,0,c, 00 a12P ¢ 41, 651, 0,4 04 M1Q14Pe 41,65, 0,041, 0 + H5Peycpc5001
(19)
For ¢1=0, c2>0,c3=0,c4>0 ,c5=0
(utputpatpa) Pe ¢, 0.c, 07 @12P 1,651, 0,64 04 H1@14P1, 65,0 41,0 + M5 Po ¢ 0541 (20)
For ¢1>0, c2>0, c3> 0,c4=0,c5=0
(Mt putpetus) Pe o, c500= M Pey ey c00,00 112P 41, c51, 05,00 + M1 @13Pe; 1, ¢y, 052,00 + +M5Pc 0001
(21)
For ¢1=0, c2>0, ¢3> 0,c4=0,c5=0
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(Mtpatps) Po ¢, ¢, 0 0= p1@12P 1,¢,1,65,0,0 + M1 @13P1 ¢y, 051,00 + +15P0cyc501 (22)
For ci>b1, ¢c2=10, c3 =0,c4=0 c5>0
(Mtputps)Pe; 00 0 ¢ =A1 Peyby,0,0,0,ctH2Pey, 1, 1,0, -1 TH3Pe; 0, 1,0, c1 MaPey 0,0, 1.c51 + M5 Pey,0,0,0,¢541

(23)
For c1=0,¢c2=0, c3 =0,c4=0 c5>0
(Matps) Po 000 cg =H2P0,1,1,0,c1+ H3P00,1,0,c51 T 14P0,0, 0, 1.¢51 + M5 Po0,0,0,0, ¢4 (24)
For c1>0, c2=0, ¢3 = 0,c4> 0,c5=0
(Mt putpe) Pe oo cs0= M Pey,0,0.¢, 04 M1®14Pc;41,0,0,¢,-1,0 + H5Pe,0,0,¢, 1 (25)
For ¢1=0, c2=0, ¢s = 0,c4> 0,c5=0
(Mtp4) Po 0 0 ¢, 0=1@14P1,0,0,c,-1,0 + M5 Po,0,0,¢ 1 (26)
For ¢1>0, c2> 0 ,c3=0,c4=0,c5=0
(mtpitpz) Poy ¢, 0 00= M1 Poy ¢y, 0,0, 0 M1a12P ¢1+1,6,1,0,0,0 +15Poc, 0,01 (27)
For ¢1=0, c2> 0 ,c3=0,c4= 0,c5=0
(Mtpz2) Poc,000= H1a12P ¢ +1,¢,1,0,0,0 +H5Poc, 0,01 (28)
For ¢1>0, c2=0,c3=0,c4=0,c5=0
(M) Pe; 00 00=21 Pey,0,0,0,0 +H5Poc, 001 (29)
For ¢1=0, c2=0,c3=0,c4=0,c5=0
(1) Po 0 0 00=H5Poc,0, (30)
For ¢1>0,c2=0,c3>0,c4=0,c5=0
()\.1+u1+u3) Pcl, 0500 =M Pcl, 0,¢5,0,0 + H1 Q13 I:>(:1+1, 0,¢51,0,0 + U5 Pcl, 0,¢50,1 (31)
For ¢1=0, c2=0,c3>0,c4=0,c5=0
(Mt3)Po0cy00= H1@13P 10651004+ M5 Po,0,c5 0.1 (32)

In order to solve the system of steady state equations (1) to (32) we apply here generating function technique. The
generating function is defined as:

F(X,Y,Z,R,S):Zazo Z?;:O 22:0 ZZ:O Z?},:O P €1,C,C3,C4,Cx XC1Y2Z 3 RC4SCs

Also for simplification we define partial generating function as:

F €5,C3,C4,C5 (X) = 22=0 P €1,€2:€3,Cy,C X
F C3,C4,Cx (X, Y) = ZZ:O Fcz,c3,c4,c5 (X) ye
Fc4,c5(X' Y, Z) = Z?;FO FC3,C4,C5(X’ Y) AL (A’)

Fe (X,Y,Z,R) = X% Fc, e (XY, Z) R%
F(X,Y,Z,R,S) = 22’;:0 FCS(X, Y,Z,R)S%
After simplifying equations(1-32) by using generating function technique and calculus laws ,we get

F(X,Y,ZR,S)= g 0}
Where
P=pu(1- 7522 12— BERE(Y 7 R S)Hha(l- DFo(X.ZRS) a1 = DFo(X,Y RS +ua(l- DFe(X,Y.Z,S)+ ps(L-

DFo(X,Y ZR)
yhua(l- Dy us(l= D ta(L- D+ ps(1- JIF(XY ZR.S)

Ya, ai3Z a14R

Q= [M(1-X)Hu(1- 22282 _ 2
For X=Y=Z=R=S=landF (1,1,1,1,1) =1
For convenience we define: Fo(Y, Z, R, S) = Fy;
Fo(X,Z,R,S)=F;
Fo(X, Y, R,S)=F3
Fo(X, Y, Z,S) =Fa
Fo(X, VY, Z,R) = Fs
The equation (1) reduces to indeterminant form % ,therefor by using L Hospital rule for limits the following results are

obtained from equation (1) and by using the value of F1, F», F3, Fa Fs.

a) when Y=Z=R=S=1 and taking X approaches to 1,we get pF1= - M+

b) when X=Z=R=S=1 and taking Y approaches to 1,we get poFo= - Mas,+ p2

¢) When Y=X=R=S=1 and taking Z approaches to 1,we get pusFz=- A1+ us3

d) when Y=X=Z=S=1 and taking R approaches to 1,we get paFs= - M4+ pa

e) when Y=X=Z=R=1 and taking S approaches to 1,we get usFs= - Ma;, — M3 - MA14+ Us
on solving these equations for F1, F», F3, Fa Fs we get
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Fi=1- 3—1 =1-p,
A 1
Fo=1- u_: a; =1-p;
A
Fs=1- u_:a13 =1-p3
A
Fs=1- u_:a“ =1-p,
Fs= 1-% = 1-pq
5

Therefore,
Pclv ¢y C3 C4 C5= P11 P22 p3 ™3 pa ™ ps ™5 (1-py) (1-p2 )(1-p3)(1-pa)(1-ps )

Where p; = %
M
P2 = u_2a12
A
p3 = Eam
A
p2 = Eam
Ps = }\_1
s Hs

The result is stable if p; p, p3 ps ps < 1 is satisfied.
5. ALGORITHM:

The algorithm gives the plan of action to find the different queue characteristics like average queue length, variance of
gueue and average waiting time of the jobs for the development of a model consisting of three parallel service channels
connected in series with the two services channels.
Step 1: Obtain the value of arrival rate A;
Step 2: Obtain the value of service rate i, po, ps, ps and ps
Step 3: Obtain the value of joining the previous server a;,, @3, 14
Step 4: Find the mean queue length by using the formulae:
L= Lq1+ qu + LCI3 + LCI4 + LQs

Ly, = 1f;i (i=1to5)
Where s, 1o, U3, Ha, 1 are service rate, A; is arrival rate and a4,, @13 and a4, are the probabilities.
Step 5: Find the Variance of queues by using the formulae:
—__P1 P2 P3 + P4 + Ps
(1-p1)2  (1-p2)?  (1-p3)?  (1-pa)?  (1-ps)?

251
1
P2 = Eau
A
p3 = H_3a13
A
Py = Eam

A
pPs = u—l where, @i, + a3+ ayq =1

Step 6: Find the average waiting time of the customers using the formulae

L
6. QUEUE CHARACTERISTICS:
Mean queue length L= Lg + Lq, + Lg, + Lg, + Lg,
Where ,
P1 A
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L = P2 A0y
4z 1—-0p, H2 N Ay
P3 1013
L. =
a3 1—p3 M3 N A0y3
P 10014
e 1-0p, Ha — A0y
L Ps _ 1

The average no. of customers (mean queue length) is given by
L=Lg, + Lq, + Lq, + Lg, + Lg,
A Aasz Aag3 A1 " A
oM Ar pp-Mare MzmAanz MemMdag Ms— M
Now, variance of queue

— _P1 P2 P3 P4 Ps
V= + + + +
(1-p1)? ~ (1-p2)®?  (1-p3)*  (1-pa)*  (1-ps)?
— M Araiaip A1uzass A1lgdig + A1lts
(M1—21)% (M- 2q)2 (M3—2A1@13)%  (Ma—A1@14)?  (Ms—2q)?

7.NUMERICAL ILLUSTRATION:

The numerical is carried out to test the efficiency of the algorithm:

Sr.no. Average service rate Average arrival rate Possibilities
1 =18 M =4 a, =03
2 u,=11 a3 =03
3 1;=20 a;, =04
4 Hy=9
5 Hs=9
Find Average queue length, variance and average waiting time for jobs.
Here,
Ao
pP1 = E =0.2
p2 = )\_10512 =0.1
H2
ps = " a;; =0.06
U3
Py =2a,, =0.17
Ha
ps = 2=044 ap+agstag, =1

Hs
therefore on solving , we get mean queue length as :
L=Lg, + Lg, + Ly, + Lg, + Lg,
— M Az Arags A1 " A
H1—A1  Hz—Aqa1z  M3—A1@13  Ha—M@1a Ws—Aq
=0.28 + 0.122 + 0.063 + 0.21 + 0.8
=1.475

Variance of queues
P1 P2 P3 P4 Ps

Vo T a7 T e T aopn? T e
=0.3125+0.123+0.0679+0.246+1.403
=2.1524

Average waiting time for customers
E(W)= -=0.36875
1

8.CONCLUSION:

In the present paper we analyze a queue network model comprising of a parallel system commonly connected with two
different service channels in series in stochastic environment. The model has been explained with the help of numerical
illustration and providing the practical situation of a multi specialist hospital. Various queue characteristics like mean
queue length, variance and average waiting time has been calculated by using Generating function technique.
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Future Scope: The model can be extended by using more subservice channels.
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