
Journal for Re Attach Therapy and Developmental Diversities 

eISSN: 2589-7799 

2023  October; 6 (10s): 2356-2361 
 

 

 

1   https://jrtdd.com 

On Paired Double Domination for Degree Splitting Graphs of Some Graphs 
  

M.N. Sree Valli1* , V. Anusuya2 

 
1Assistant Professor Department of Mathematics, S.T. Hindu College, Nagercoil,sreetharosh2014@gmail.com 
2Associate Professor Affiliated to Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli – 627012. 

 anusuyameenu@yahoo.com 

 

*Corresponding Author; M.N. Sree Valli  

*Assistant Professor Department of Mathematics, S.T. Hindu College, Nagercoil,sreetharosh2014@gmail.com 
 

Abstract: 

 

In this paper, we introduced the new concept Paired double domination number for degree splitting graph of standard 

graphs. A paired – double dominating set of a graph G with no isolated vertex is a double dominating sets of vertices 

whose induced subgraph has a perfect matching. A Paired double domination number 𝛾𝑝𝑟𝑑𝑑(𝐺) is the minimum cardinality 

of a paired double dominating set of G. Let G = (V, E) be a graph with V(G) = S1 ∪ S2 ∪ … ∪ St ∪ T, where Si is the set 

having at least two vertices of same degree and T = V(G) − ∪ Si, where 1 ≤ i ≤ t. The degree splitting graph DS(G) is 

obtained from G  by adding  vertices w1, w2, … wtand joining  wi to each vertex of  Si for i = 1,2, … t . We establish 

Paired double domination number of graphs path, cycle, star, bistar, complete bipartite and complete graph. 

MSC : 05C69 
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1 INTRODUCTION  

 

Let G = (V, E) be graph with vertex set V and edge set E. We obtain with some terminology. For a vertex v of a graph G, 

the open neighborhood of a vertex  𝑣 𝜖 𝑉  is   𝑁(𝑢) = { 𝑣/𝑢𝑣 ∈ 𝐸 } and closed neighborhood of vertex 𝑁[𝑣] = 𝑁(𝑣) ∪
{𝑣}.                      
A subset 𝑆 ⊆ 𝑉 is a dominating set of G, if for every vertex  𝑣𝜖 𝑉, |𝑁[𝑣] ∩ 𝑆| ≥ 1 . The domination number is the 

minimum cardinality of a dominating set of G. A subset S of V is double dominating set of G if for every 

vertex 𝑣 𝜖 𝑉, |𝑁[𝑣] ∩ 𝑠| ≥ 2, that is 𝑣 𝑖𝑠 𝑖𝑛  𝑆  and has at least one neighbor in S and v is in  V-S has at least two neighbors 

in S [4]. 

A set S is called paired – dominating set if it dominates V and   < S > contains   at least one perfect matching. A paired –

dominating set S with matching M is a dominating set 𝑆 = {𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑡−1𝑣2𝑡} with independent edge set 𝑀 =
{𝑒1,𝑒2, … , 𝑒𝑡} where each edge 𝑒𝑗 joins  two elements of S, that is M is perfect matching of  < S > . If 𝑣𝑗𝑣𝑘 =  𝑒𝑖 ∈ 𝑀 , we 

say that vj and vk are paired in  S [5]. A set S is called a paired – double dominating set if it is a double dominating set and  

< S > contains at least one perfect matching. The double domination number 𝛾𝑑𝑑(𝐺) is the minimum cardinality of double 

dominating set of G, the paired –domination number   𝛾𝑝𝑟 (𝐺)  is the minimum cardinality of paired dominating set of G 

and paired double domination number 𝛾𝑝𝑟𝑑𝑑(𝐺) is the minimum cardinality of a paired double dominating set of G.  

In [7], R. Ponraj and S. Somasundaram have initiated a study on degree splitting graph   𝐷𝑆(𝐺) of a graph G which is 

defined as follows: 

Let G = (V, E) be a graph with V(G) = S1 ∪ S2 ∪ … ∪ St ∪ T, where Si is the set having at least two vertices of same 

degree and T = V(G) − ∪ Si, where 1 ≤ i ≤ t. The degree splitting graph DS(G) is obtained from G  by adding  vertices 

w1, w2, … wtand joining  wi to each vertex of  Si for i = 1,2, … t . 
 

Theorem 1.1. [8] For any path 𝑃𝑛 ,  𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = {

2                           𝑖𝑓  𝑛 = 2
𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡  𝑖𝑓 𝑛 = 3

2 ⌊
𝑛

3
⌋ + 2            𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

}  

Theorem 1.2. [8] For any cycle 𝐶𝑛   𝛾𝑝𝑟𝑑𝑑(𝐶𝑛)= 2⌈
𝑛

3
⌉ 

Theorem 1.3. [8] For any path 𝑃𝑛  , n≠3  , 𝛾𝑑𝑑(𝑃𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) 

Theorem 1.4. [8] For any cycle 𝐶𝑛   ,  𝛾𝑑𝑑(𝐶𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝐶𝑛) 

Theorem 1.5. [8] If n = 3k+2 where k ϵ N, then   𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = 𝛾𝑝𝑟𝑑𝑑(𝐶𝑛). 
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2. MAIN RESULTS 

 

In this Paper, we find Paired double domination number of degree splitting graph 𝐷𝑆(𝐺)of the graphs path, cycle, star, 

bistar, complete bipartite and complete graph. 

 

Theorem 2.1 

 

For any integer 𝑛 ≥ 3, 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛)) = 2 ⌊
𝑛

3
⌋ + 2. 

 

Proof: 

 

Let 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛  be the path 𝑃𝑛 with partitions 𝑆1 = { 𝑣2, 𝑣3, … . 𝑣𝑛−1} and 𝑆2 = { 𝑣1, 𝑣𝑛}. 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set of  

𝐷𝑆(𝑃𝑛).To obtain 𝐷𝑆(𝑃3) from 𝑃3 we add 𝑥 which corresponds to 𝑆2 also 𝑃3 is isomorphic to 𝐶4 and to obtain 𝐷𝑆(𝑃𝑛) for 

𝑛 ≥ 4. We add 𝑥1 and 𝑥2 which  correspond to 𝑆1and 𝑆2 respectively. As a result 𝑉(𝐷𝑆(𝑃3)) = {𝑥, 𝑣1, 𝑣2, 𝑣3} and 

𝑉(𝐷𝑆(𝑃𝑛)) =  {𝑥1, 𝑥2, 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛 } where |V(𝐷𝑆(𝑃𝑛))| = 𝑛 + 2  for 𝑛 ≥ 4.     Let  𝐻1 =  {𝑣𝑖 , 𝑖 ≡

1,2 (𝑚𝑜𝑑3)}𝑎𝑛𝑑 𝐻2 =  {𝑣𝑛, 𝑥1}.  
Case(i)  𝑛 ≡ 0 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻2Thus < 𝐻 > contains 𝑎 𝑃6 graph and (
𝑛

3
− 2) 𝑃2  graph.  Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛)) = 6 + 2 (

𝑛

3
− 2) =

2 ⌊
𝑛

3
⌋ + 2. 

Case(ii)  𝑛 ≡ 1 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻2.Thus < 𝐻 > contains 𝑎 𝑃4 graph and ⌊
𝑛−2

3
⌋ 𝑃2  graph. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛)) = 4 + 2 ⌊

𝑛−2

3
⌋ = 4 +

2 ⌊
3𝑘+1−2

3
⌋ = 4 + 2 ⌊

3𝑘−1

3
⌋ = 2𝑘 + 2 = 2 (

𝑛−1

3
) + 2 = 2 ⌊

𝑛

3
⌋ + 2. 

Case(ii)  𝑛 ≡ 2 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1.Thus < 𝐻 > contains⌈
𝑛

3
⌉  𝑃2  graph. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛)) =2⌈

𝑛

3
⌉ = 2 ⌈

3𝑘+2

3
⌉=2𝑘 + 2 = 2 (

𝑛−2

3
) + 2 =

2 ⌊
𝑛

3
⌋ + 2. 

 

Theorem 2.2 

 

For any integer 𝑛 ≥ 3, 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐶𝑛)) = 2 ⌈
𝑛

3
⌉. 

 

Proof: 

 

Let 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛  be the cycle 𝐶𝑛 and 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set of  𝐷𝑆(𝐶𝑛). 

To obtain 𝐷𝑆(𝐶𝑛) 𝑓𝑜𝑟 𝑛 ≥ 3 , we add a vertex x which is adjacent to every vertex in 𝐶𝑛. As result 𝑉(𝐷𝑆(𝐶𝑛)) =

 {𝑥, 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛 }, where |V(𝐷𝑆(𝐶𝑛))| = 𝑛 + 1. Clearly 𝐷𝑆(𝐶𝑛) is isomorphic to the wheel graph 𝑊𝑛. Let 𝐻1 =

 {𝑣𝑖 , 𝑖 ≡ 1,2 (𝑚𝑜𝑑3)}   𝑎𝑛𝑑 𝐻2 =  {𝑣𝑛−1}.  
Case(i)  𝑛 ≡ 0 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1.Thus < 𝐻 > contains (
𝑛

3
) 𝑃2 graph. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐶𝑛)) = 2 (

𝑛

3
) = 2 ⌈

𝑛

3
⌉. 

Case(ii)  𝑛 ≡ 1 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1.Thus < 𝐻 > contains 𝑎 𝑃4 graph and (⌊
𝑛

3
⌋ − 1) 𝑃2   graph. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐶𝑛)) = 4 + 2 (⌊

𝑛

3
⌋ − 1) = 4 +

2 (⌊
3𝑘+1

3
⌋ − 1) = 2𝑘 + 2 = 2 (

𝑛−1+3

3
) = 2 (

𝑛+2

3
) = 2 ⌈

𝑛

3
⌉. 

Case(ii)  𝑛 ≡ 2 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻2.Thus < 𝐻 > contains 𝑎 𝑃6 graph and (⌊
𝑛

3
⌋ − 2) 𝑃2  graph. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐶𝑛)) = 6 + 2 (⌊

𝑛

3
⌋ −

2) = 6 + 2 (⌊
3𝑘+2

3
⌋ − 2) = 2𝑘 + 2 = 2 (

𝑛−2+3

3
) = 2 (

𝑛+1

3
) = 2 ⌈

𝑛

3
⌉. 

 

Theorem 2.3 

 

For any integer 𝑛 ≥ 2, 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐾1,𝑛)) = 4. 
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Proof: 

 

Let 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛  be the end vertices and v be the full vertex of the star 𝐾1,𝑛   and 𝑥 be the corresponding vertex 

which is added to obtain the graph 𝐷𝑆(𝐾1,𝑛). Then V(𝐷𝑆(𝐾1,𝑛)) = {𝑣, 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛 , 𝑥}. 

Clearly|V (𝐷𝑆(𝐾1,𝑛))| = 𝑛 + 2. 

Let 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set of  𝐷𝑆(𝐾1,𝑛). Then 𝐻 =  {𝑣1, 𝑣𝑛 𝑣, 𝑥}. Then < 𝐻 > has a Perfect Matching. Hence 

𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐾1,𝑛)) = 4. 

 

Theorem 2.4 

 

For any bistar graph  𝐵𝑚,𝑛 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 4. 

 

Proof: 

 

Consider the bistar graph  𝐵𝑚,𝑛 with 𝑉(𝐵𝑚,𝑛) =  {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑗/1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}. Here 𝑢𝑖and 𝑣𝑗 are the vertices 

adjacent with 𝑢 and 𝑣 respectively. Let 𝑥1 and 𝑥2 be the corresponding vertices which are added to obtain 𝐷𝑆(𝐵𝑚,𝑛). Then 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) =  {𝑢, 𝑣, 𝑢𝑖, 𝑣𝑗 , 𝑥1, 𝑥2/1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and so |𝑉 (𝐷𝑆(𝐵𝑚,𝑛))| = 𝑚 + 𝑛 + 4. Let 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set 

of  𝐷𝑆(𝐵𝑚,𝑛).  Then 𝐻 =  {, 𝑢, 𝑣, 𝑥2, 𝑣𝑛 }. Then < 𝐻 > has a Perfect Matching. Hence 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 4. 

 

Theorem 2.5 

For any integer 𝑚, 𝑛 ≥ 2, 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐾𝑚,𝑛)) = 4. 

 

Proof: 

 

Consider 𝐾𝑚,𝑛 with 𝑉(𝐾𝑚,𝑛) = {𝑢𝑖, 𝑣𝑗/1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} with partition 𝑉1 =  {𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑚−1, 𝑣𝑚} and 𝑉2 =

 {𝑣1, 𝑣2, 𝑢3, … . 𝑢𝑛−1, 𝑢𝑛}. Now we consider the following two cases. 

Case (i) 𝑚 = 𝑛. 
In this case each vertex is of same degree and so let x be the added vertex which is adjacent to every 𝑢𝑖and 𝑣𝑗, 1 ≤ 𝑖 ≤ 𝑚  

and 1 ≤ 𝑗 ≤ 𝑛. Thus, we obtain the graph 𝐷𝑆(𝐾𝑚,𝑛).Then 𝑉 (𝐷𝑆(𝐾𝑚,𝑛)) =  {𝑢𝑖 , 𝑣𝑗 , 𝑥/1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and so 

|𝑉 (𝐷𝑆(𝐾𝑚,𝑛))| = 𝑚 + 𝑛 + 1. Let 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set of  𝐷𝑆(𝐾𝑚,𝑛).Then 𝐻 = {𝑣1, 𝑣2, 𝑢1, 𝑢2}. Then 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝐾𝑚,𝑛)) =

4. 
Case (i) 𝑚 ≠ 𝑛. 

In this case each vertex 𝑢𝑖 is of same degree and each vertex 𝑣𝑗 is of same degree where 𝑑𝑒𝑔(𝑢𝑖) ≠ 𝑑𝑒𝑔(𝑣𝑗) 1 ≤ 𝑖 ≤ 𝑚  

and 1 ≤ 𝑗 ≤ 𝑛 , so let 𝑥1 𝑎𝑛𝑑 𝑥2 be added vertices where  x1is adjacent to every ui and x2is adjacent to every vj. Thus , 

we obtain the graph DS(Km,n). Then  V (DS(Km,n)) =  {ui, vj, x1, x2/1 ≤ i ≤ m, 1 ≤ j ≤ n} and so |V (DS(Km,n))| =

m + n + 2. Let H be the γprdd set of  DS(Km,n).Then H = {v1, u1, x1, x2}. Then γprdd (DS(Km,n)) = 4. 

 

Theorem 2.6 

 

 For any integer 𝑛 ≥ 2, 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐾𝑛)) = 2. 

 

Proof: 

 

Each vertex is of same degree and so let 𝑥  be the added vertex which is adjacent every 𝑢𝑖  where 1 ≤ 𝑖 ≤ 𝑛. Thus, we 

obtain the graph 𝐷𝑆(𝐾𝑛). Then 𝑉(𝐷𝑆(𝐾𝑛)) =  {𝑢𝑖 , , 𝑥/1 ≤ 𝑗 ≤ 𝑛} and so |𝑉(𝐷𝑆(𝐾𝑛))| = 𝑛 + 1. Clearly 𝐷𝑆(𝐾𝑛) is 

isomorphic to 𝐾𝑛+1. Let 𝐻 be the 𝛾𝑝𝑟𝑑𝑑 set of  𝐷𝑆(𝐾𝑛).Then 𝐻 = {𝑢1, 𝑥}. Then 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐾𝑛)) = 2. 
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