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Abstract:

In this paper, we introduced the new concept Paired double domination number for degree splitting graph of standard
graphs. A paired — double dominating set of a graph G with no isolated vertex is a double dominating sets of vertices
whose induced subgraph has a perfect matching. A Paired double domination number ;.44 (G) is the minimum cardinality
of a paired double dominating set of G. Let G = (V, E) be a graph with V(G) = S; US, U ...U S; U T, where S; is the set
having at least two vertices of same degree and T = V(G) — U S;, where 1 < i < t. The degree splitting graph DS(G) is
obtained from G by adding vertices wy, w,, ... wiand joining w; to each vertex of S;fori=1,2,..t . We establish
Paired double domination number of graphs path, cycle, star, bistar, complete bipartite and complete graph.
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1 INTRODUCTION

Let G = (V, E) be graph with vertex set V and edge set E. We obtain with some terminology. For a vertex v of a graph G,
the open neighborhood of a vertex veV is N(u) = {v/uv € E } and closed neighborhood of vertex N[v] = N(v) U
{v}.

A subset S €V is a dominating set of G, if for every vertex veV,|[N[v] NnS| =1 . The domination number is the
minimum cardinality of a dominating set of G. A subset S of V is double dominating set of G if for every
vertex v eV, |N[v] N's| = 2,thatis vis in S and has at least one neighbor in S and v is in V-S has at least two neighbors
in S [4].

A set S is called paired — dominating set if it dominates V and < S > contains at least one perfect matching. A paired —
dominating set S with matching M is a dominating set S = {vy, V,, V3, ..., Vp;_1 V4 } With independent edge set M =
{e1 ez, ..., e} where each edge e; joins two elements of S, that is M is perfect matching of <S> .Ifvjv, = ¢; € M , we
say that vj and v are paired in S [5]. A set S is called a paired — double dominating set if it is a double dominating set and
< S > contains at least one perfect matching. The double domination number y 4 (G) is the minimum cardinality of double
dominating set of G, the paired —~domination number ¥, (G) is the minimum cardinality of paired dominating set of G
and paired double domination number ¥;,,.44(G) is the minimum cardinality of a paired double dominating set of G.

In [7], R. Ponraj and S. Somasundaram have initiated a study on degree splitting graph DS(G) of a graph G which is
defined as follows:

Let G = (V,E) be a graph with V(G) =S; US, U ...US; UT, where S; is the set having at least two vertices of same
degree and T = V(G) — U S;, where 1 < i < t. The degree splitting graph DS(G) is obtained from G by adding vertices
Wy, W5, ... wiand joining wj to each vertex of §; fori=1,2,...t.

2 if n=2
Theorem 1.1. [8] For any path B, , ¥praa(P,) = does not exist if n =3
2 EJ +2 other wise

Theorem 1.2. [8] For any cycle Cy ¥praa(Ca)=2[3]

Theorem 1.3. [8] For any path P, ,n#3 , ¥44(B) < Vpraa(By)
Theorem 1.4. [8] For any cycle Cy, | ¥44(C) < Vpraa(Cy)
Theorem 1.5. [8] If n = 3k+2 where k € N, then yp,q4(B,) = Vpraa(Cp)-
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2. MAIN RESULTS

In this Paper, we find Paired double domination number of degree splitting graph DS(G)of the graphs path, cycle, star,
bistar, complete bipartite and complete graph.

Theorem 2.1
For any integer n > 3, yprdd(DS(Pn)) =2 EJ + 2.

Proof:

Let vy, V;, V3, ... Up_1, U be the path P, with partitions S; = { v, v3, ... v,_1} and S, = { vy, v, }. H be the y,,q4 set of

DS(B,).To obtain DS(P;) from P; we add x which corresponds to S, also P; is isomorphic to C, and to obtain DS(B,) for

n > 4. We add x; and x, which correspond to S;and S, respectively. As a result V(DS (Pg)) = {x,v,,V,,V3} and

V(DS(B)) = {x1,%2, V1, V2, V3, - V1,V } where |[V(DS(B))|=n+2 for n>4. Let Hy= {v,i=

1,2 (mod3)}and H, = {v,, x,}.

Case(i) n = 0 (mod3)

Then H = H; U H,Thus < H > contains a P, graph and (2 - 2) P, graph. Hence ¥},qq (DS(Pn)) =6+2 (g - 2) =
n

2|4 +2.

Case(ii) n = 1 (mod3)

Then H = H; U H,.Thus < H > contains a P, graph and lnT_ZJ P, graph. Hence ¥prqq (DS (Pn)) =4+2 lnT_ZJ =4+

ﬂ??”]=4+zﬁ§l=2k+2=2@§)+2=2Ek+z

Case(ii) n = 2 (mod3)

Then H = H;.Thus < H > containsE] P, graph. Hence ypqq (DS(Pn)) =2E] =2 [3](3—+2]=2k +2=2 (nT—z) +2=
2|5 +2.
Theorem 2.2

For any integer n > 3, ¥,rqqa(DS(C,)) = 2 E]

Proof:

Let vy, vy, V3, .... Un_y, U, be the cycle C, and H be the y,44 set of DS(Cy).
To obtain DS(C,) for n >3, we add a vertex x which is adjacent to every vertex in C,. As result V(DS(C,)) =
{x, V1,2, V3, . Vn_y, Uy }, where [V(DS(C,))| = n + 1. Clearly DS(C,,) is isomorphic to the wheel graph W,. Let H; =
{vi,i = 1,2 (mod3)} and H, = {v,,_1}.
Case(i) n = 0 (mod3)
. n n n
Then H = H,.Thus < H > contains (5) P, graph. Hence ¥4 (DS(Cn)) =2 (;) =2 [;]
Case(ii) n = 1 (mod3)
Then H = H,.Thus < H > contains a P, graph and (EJ — 1) P, graph. Hence ¥,,qq(DS(Cy)) = 4 + 2 (EJ — 1) =4+
3k+1 _ _ n—-1+3\ n+2\ _ n
2([ 3 J_l)_2k+2_2( 3 )_2( 3 )_2[3]'
Case(ii) n = 2 (mod3)
. n n
Then H = H; U H,.Thus < H > contains a Pg graph and (l;] - 2) P, graph. Hence ¥prqq (DS(C,) =6+2 (ng -

=252 -2) -2 2(59) 2 ()2

Theorem 2.3

For any integer n = 2, Vprqq (DS(KLn)) =4
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Proof:

Let vy, V5, V3, ... Vp_1, U, be the end vertices and v be the full vertex of the star K; , and x be the corresponding vertex
which is added to obtain the graph DS(K;,). Then V(DS(KLn)) = {v, vy, V,, V3, .. Vp_q, Uy, X}
Clearly|V (DS (K 4))| = n.+ 2.

Let H be the yprqq set of DS (Kin). Then H = {v;,v, v,x}. Then < H > has a Perfect Matching. Hence
Ypraa (DS(Kyn)) = 4

Theorem 2.4
For any bistar graph By, » ¥praa (DS (Bm,n)) = 4.
Proof:

Consider the bistar graph B, , with V(Bm,n) = {u, vu,v/l<isml1<j< n}. Here u;and v; are the vertices
adjacent with u and v respectively. Let x; and x, be the corresponding vertices which are added to obtain DS (Bm‘n). Then
%4 (DS(Bmyn)) = {u, VULV, XX /1S TSm1<j< n} and so |V (DS(Bm‘n))| =m+n+ 4. Let H be the yprqq set

of DS (Bm,n)- Then H = {,u,v,x,,v, }. Then < H > has a Perfect Matching. Hence ;44 (DS (Bm_n)) =4,

Theorem 2.5
For any integer m,n = 2, ¥praq (DS(Km,n)) =4,

Proof:

Consider Ky, with V(Kpn) = {us, v/l<isml1<j< n} with partition V; = {vy,v,, V3, .. Vpy_q, U} and V, =
{v1, v, U3, ... . Up_q, Uy }. Now we consider the following two cases.

Case (i) m = n.

In this case each vertex is of same degree and so let x be the added vertex which is adjacent to every w;and v, 1 < i <m

and 1 < j < n. Thus, we obtain the graph DS(Km_n).Then %4 (DS(Km_n)) = {ui,vj,x/l <i<ml1l<j< n} and so

|V (DS(Kn))| = m +n + 1. Let H be the ¥rqq Set of DS(Kyyn)-Then H = {0y, v2,us, uz}. Then Vyraa (DS (Kinn) ) =
4.

Case (i) m # n.

In this case each vertex u; is of same degree and each vertex v; is of same degree where deg(u;) # deg (vj) 1<i<m
and 1 < j < n, so let x; and x, be added vertices where Xis adjacent to every u; and x,is adjacent to every v;. Thus,

we obtain the graph DS(Ky, ). Then V(Ds(Km)) = {uj,v;,%;,x,/1 Si<m1<j<n}and so |V(Ds(1<m,n))| =
m + n + 2. Let H be the Ypraq set of DS(Kpp).Then H = {v3, u;, Xy, X} Then Ypraa (Ds(Km,n)) = 4.

Theorem 2.6
For any integer n > 2, ¥pqq(DS(K,)) = 2.
Proof:

Each vertex is of same degree and so let x be the added vertex which is adjacent every u; where 1 < i < n. Thus, we
obtain the graph DS(K,). Then V(DS(K,)) = {u;,,x/1 <j <n} and so [V(DS(K,))| =n + 1. Clearly DS(K,) is
isomorphic to Ky, 1. Let H be the ¥,,qq set of DS(K,).Then H = {uy, x}. Then ¥,,44(DS(K,,)) = 2.
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