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Abstract.

In this paper, we introduce and study two new classes of fuzzy functions by using the notions of 7 -fuzzy [ -open sets
and 7 -fuzzy [3-closure operator called weakly 7 -fuzzy [ -open and weakly 7 -fuzzy [ -closed functions. The

connections between these 7 -fuzzy functions and other existing 7 -fuzzy topological functions are studied.
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1. Introduction and Preliminaries.

S"ostak [18] introduced the fuzzy topology as an extension of Chang’s fuzzy topology [4] and developed in many
directions [7, 8, 17]. In fuzzy topological spaces, a weaker forms of fuzzy continuity by many authors [1, 2, 3, 6, 20].
Kim and Park [9] introduced r-6-cluster points and d-closure operators in S"ostak fuzzy topological spaces. Park et al.
[11] introduced the concept of fuzzy semi-preopen sets which is weaker than any of fuzzy semi-open or fuzzy preopen
sets. In 1968, Velicko [19] studied some new types of open sets called 6-open sets and 6-open sets. In 1963, Levine
initiated a new type of open set called semi-open set [10]. In 1993, Raychaudhuri and Mukherjee defined &-preopen sets
[16] and d-semiopen sets by Park [14]. In 2008, Caldas [5] obtained 0-semi-open sets. In 2006, Shafei introduced fuzzy
0-closed [21] and fuzzy 8-open sets. Recently, M.Palanisamy [12] & [13] introduced r-fuzzy Z * -Open Sets and r-fuzzy
Z* -Continuity and r-fuzzy Z * -Open Sets and r-fuzzy Z* -Continuity sets in fuzzy topological spaces in the sense of
S"ostak’s. In this paper, we introduce the concept of 7 -fuzzy [ -open sets and 7 -fuzzy [3 -closure operator called
weakly 7 -fuzzy [3-open and weakly 7 -fuzzy [ -closed functions. The connections between these 7 -fuzzy functions
and other existing 7 -fuzzy topological functions are studied. Also, discuss about some characterizations and properties
of these notions.

Throughout this article, we denote nonempty sets by X,Y etc., I =[0,1] and I() = (0,1].. For ¢ €1, (,_V(x) =a

Vx € X A fuzzy point x; for ¢ € () is an element of [X such that

t if y isequal to x
x(y)=

0 if yisnotequaltox.

Let P;(X) denote the set of all fuzzy points in X. A fuzzy point Xy € ¢ iff ¢ < u(x). pe X s quasi-
coincident with v, denoted by g v ,if Ix € X such that u(x)+v(x) >1.

If 4 is not quasi-coincident with U, we denoted ,u&u. If A is a subset of X, we define the characteristic function J 4

on X by
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1 if x€A
Xt (x)= All notations and definitions will be standard in the fuzzy set theory.
0 if if x¢&A
Definition 2.2. [17]

A function 7 : [ X — [ is called a fuzzy topology on X if it satisfies the following conditions:
M z(0)=z(D) =1,

() 7(VierVvi) 2 Njer t(v;), for any {vi}ier c ]X,

3)T(vi Av2)=7(V] AVD), forany v],0) € IX.

The pair (X ,T ) is called a fuzzy topological space or S"ostak’s fuzzy topological space or smooth topological space
(for short, fts, sfts, sts).

Remark 2.3. [17]

Let (X,T) be a fts. Then, for every ¥ € [(), T = {ve IX :7(L) 2 7} is a Change’s fuzzy topology on X.

Theorem 2.4. [17]

Let (X, 7) be asfts. Then for each i € IX r € 1(), we define an operator C : [X xIp — [X as follows:

CT(,u,r):/\{ueIX cusvov,r(l-v)>r}..

For el X and 7,5 € 1(), the operator Cz- satisfies the following conditions:
(1) Cr(0,1) =0,

2) A<Cr(4,1),

3 Cr(A,r)vCr(u,r)=Cr(AV u,r),

@ Cr(A,r) S Cr(u,s) ifr<s,

5) Cr(Cr(A,7),r)=Cr(u,r).

Theorem 2.5. [21]

Let (X, 7) be asfts. Then for each i € ]X r € 1(), we define an operator 1 :IX xIp —> IX as follows:
Iz-(y,r):v{ue]X cuso,r(L)=>r}..

For n,vo el X and 7,5 € 1(), the operator C satisfies the following conditions:
M Iz (L) =1,

@ A=I(A7r),

Q) I (A, )N (pu,r) =1 (A A p,r),

@ I (A, )< I (u,s)ifr=s,
(5) ]Z'(]T(/l’r)ar) :[T(/Iar)a
© Ip(1=2,r) =1-Cy(Ar)
Definition 2.6. [13]

, Cr=An=1-I(Ar)
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A point x of X is called & -cluster pointof A if I(Cr(U,r),r) A A =@, foreveryopen set U of X containing
x. The set of all O -cluster pointof A iscalled O -closure of A andisdenoted OC;(A).

Definition 2.6.
Aset Ais O -closedifand only if A =0C;(A,r). The complementofa O -closed set is said to be O -open

[13]. Then O -interior of a subset A of X is the union of all & -open sets of X contained in A

Definition 2.8.

Let (X, 7) be asfts. Then for each A IX relqp, A iscalled

1. r-fuzzy preopen (resp. r-fuzzy preclosed) [15] setif A < I (Cr(A,7),7),
(CT(]T(iar)ar) S ﬂ‘)a

2. r-fuzzy & -open (resp. r-fuzzy o -closed) [15] setif A < IT (Cz- (IT (A,r),r),r),
(CT(IT(CT(A,I"),I"),}") < ﬂ,),

3. r-fuzzy [ -open (resp. r-fuzzy [ -closed) [15] setif A < Cp (I (Cr(A,7),r),r)
([T(CT(CT(A,I"),V),V) < /’{’)5

4. r-fuzzy @ -open (resp. r-fuzzy @ -closed) [5] setif A = HIT (A,7),
(A<0C(4,1)),

The family of all r-fuzzy preopen (resp. 7 -fuzzy < -open, ¥ —fuzzyﬂ -open, 7" -fuzzy @ -open) is denoted by
PO(X) (resp. OCO(X), eO(X), ,BO(X), HO(X)

Lemma: 2.1 [15]
Let A, 1t be two subsets of (X,7 ) Then:

(1) A isr-fuzzy O -openifandonlyif A=17(4,7) ,

2Q)X-017(A,r) =0C (X \(A,r))and ol (X \(A,7r))=X-017(4,r),

B3 17(A,r) £6C(A,r) (resp. O17(A,7) <I;(A,r))), for any subset A of X,

4 0-Cr(Avur)=0-Cr(Ar)vo-Cr(u,r), 0-1;(Avur)y=06-1(4,r)vo-1(u,r),

Definition
A space X is called » -fuzzy extremally disconnected (E.D) [19] if the closure of each 7 -fuzzy open set in X is
open. A space X is called 7 -fuzzy [ -connected [1, 14] if X cannot be expressed as the union of two nonempty

disjoint 7 -fuzzy [?-open sets.

Definition

A function f :(X,7) — (Y, 0) is called:

(i) 7 -fuzzy B -continuous [13] if for each 7 -fuzzy open subset i of Y, f_l () e pO(X,71)..

(i) # -fuzzy strongly continuous [3, 8], if for every fuzzy subset 4 of X, f(CT )< fA)..

(iii) 7 -fuzzy weakly open [15]if f(7) <I;(f(C;(7,7),r)) foreach  r -fuzzy open subset 7 of X .

(iv) 7 -fuzzy weakly closed [15]if C,(f(I7(F,7),r))< f(F) foreach 7 -fuzzy closed subset F' of X .
(

v) 7 -fuzzy relatively weakly open [15] provide that f'(77) is » -fuzzy open in f(C T (n,7)) for every r-fuzzy
open subset 77 of X .
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(vi) 7 -fuzzy almost open, written as (a.0.S) [13] if the image of each 7 -fuzzy regular open subset 7 of X is 7 -
fuzzy open set in Y.

(vii) 7 -fuzzy preopen [13] (resp. 7 -fuzzy [F-open, 7 -fuzzy o -open ) if for each 7 -fuzzy open subset 77 of
X, f(n) is r-fuzzy preopen (resp. f(n) is v -fuzzy B-open, f(U) is 7 -fuzzy a-open) setin Y.

(viii) 7 -fuzzy preclosed [18] (resp. 7 -fuzzy [ -closed, 7 -fuzzy « -closed) if for each 7 -fuzzy closed subset F

of X, f(F) is r-fuzzy preclosed (resp. f(F') is v -fuzzy [ -closed, f(F') is r -fuzzy & -closed) setin Y.

(ix) 7 -fuzzy contra-open [13] (resp. 7 -fuzzy contra-closed [1], 7 -fuzzy contra [ -closed) if f(77) is r -fuzzy
closed (resp. 7 -fuzzy open, » -fuzzy [ -open)in Y for each 7 -fuzzy open (resp. 7 -fuzzy closed, 7 -fuzzy closed)
7 -fuzzy subset 7 of X.

2. Weakly 7 -fuzzy [3 -open functions.

In this section, we define the concept of 7 -fuzzy weak [F-openness as a natural dual to the 7 -fuzzy weak [ -
continuity due to and Noiri [14] and we obtain several fundamental properties of this new function.

Definition 2.1.
A function f :(X,7) — (Y, 0) issaid to be 7 -fuzzy weakly /3 -open if

S BU-(f(Cr(n,r),r))) foreach r-fuzzy openset 7 of X.

Clearly, every 7 -fuzzy weakly open function is 7 -fuzzy weakly /3 -open and every 7 -fuzzy /[F-open function is also

7 -fuzzy weakly /3 -open, but the converse is not generally true. For,

Example 2.2.

Let X =YY= {a,b,c} and A, 1D e1X MO, U3 € IY, U5 € 1% defined as follows:
H1(a)=0.4,11(b) =0.5, u1(c) = 0.6,

p2(a) =04, 12 (b)=0.5,up(c) =0.4,

u13(a)=0.6,u3(b) =0.5, u3(c) =0.4,

p4(a) =04, 14(5) = 0.5, u4(c) = 0.6, us(a) = 0.6, u5(b) = 0.5, u5(c) = 0.4,

Define fuzzy topology 7,0,1 =1 X — I as follows
(1271 = {0.1§, ]

1 .
Elf/”t=,u1
T(;i,):< ~

1
— A =
2f ALD

| OZf - otherwise |

(174 = {0.1}.. ]
1
—ifAA =
> L/ AL3
1 .
El'f‘/l = g,

o (A) =< 1 L
Eiffl = L3 peq,
1 .

Elf/’t = 43 AN g4,
OZf - otherwise
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1/ < {0.1},

1 .
7(A) = Elfﬂ = us,

Oif - otherwise

. 1 1
(i) Then the identity mapping ldX (X,r)> Y,0) s 5 - fuzzy weakly [ -open set but not E -fuzzy
weakly open.

. 1 1
(ii) Then the identity mapping id y :(X,7) = (Z,n) is 5 fuzzy weakly [3-open but not 5 -fuzzy [3 -open

Theorem 2.3.
Let X bea r-fuzzy regular space. Then f :(X,7) —> (Y,0) is 7 -fuzzy weakly [ -open if and only if fis 7 -
fuzzy [ -open.

Proof.
The sufficiency is clear.

For the necessity, let ¥ be a nonempty 7 -fuzzy open subset of X . For each xin y ,let 77y be an 7 -fuzzy open set
such that x €7y <C;(775,7) < y . Hence we obtain that y = V{ﬂx (X € ;(}: V{Cz- (My,r):xe€ ;(} and,
SG) =N 1) x € 3 <VABLE (f(Cr (15,10 € 2} < B (f(AC (1x.7) € 1))

=Pl (f(x.7)).

Thus [ is 7 -fuzzy [ -open.
Theorem 2.4.
For a function f:(X,7) — (¥, 0), the following conditions are equivalent :

(i) f is r-fuzzy weakly [ -open.
(i) f(O (A, 7)< BL-(f(A,7))forevery r -fuzzy subset A of X.

(iii) 0l 7 (f_l(,u, I’))Sf_l(ﬂ[z- (u, 7)) for every r -fuzzy subset 1 of Y.

(iv) f_l (BC(u,r)<0C, (f_1 (u,r)) forevery r -fuzzy subset p of Y .
(v) For each x € X and each r -fuzzy open subset 3 of X containing X, there exists a » -fuzzy /3 -open set 77

containing f'(x) such that 7 < f(Cr(4,7)).

i) fUr(@,7) < Bl (f(@,7)) for each r -fuzzy closed subset @ of X.

il) f() P (f(Cr(3,7),1)) for each r -fuzzy open subset 3 of X.

i) fU(Cr(8,7),r)< PL(f(Cr(8,7),r)) for each r -fuzzy preopen subset 3 of X.

X If f(<PI(f(Cr(8,7),r)) Foreach r -fuzzy o-open subset 3 of X.

Proof. (i) — (ii) : Let A be any 7 -fuzzy subset of X and x € 0l ; (4, 7). Then, there exists an 7" -fuzzy open set 3
such that x € $<C(F) <A. Then, f(x)e f(F) =< f(Cr (7)< f(A).Since [ is r-fuzzy weakly -
open,

S <Pl (f(Cr(8,r),r) < Bl (f(A,7)). 1t implies that f(x) < Sl (f(4,1)).

This shows that  xe f (Bl (f(Ar)). Thus O (AP f VBl (f(A,r)), and so,
SO () < P (£ ).
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@ — () : Let 9 be an r-fuzzy open set in X. As <O (Cr(3,r)) implies,

SO (Cr (1), )< LI (f(Cr(3,7),7)). Hence [ is 1 -fuzzy weakly [ -open.
(i) — (iii) : Let 4 be any 7 -fuzzy subset of ¥ .

Then by (i), /(@7 (f " (Cy (4,7, ) < By (9, 7).
Therefore O 7 (f 1 (1, 7)) < £ 7L (BI7 (1, 7)) .

(ii1) — (i1) : This is obvious.
(i) —  ({v) : Let MU be any v -fuzzy subset of Y. Using (iii)), we have

X=6C (f Y=, (X - )=, (T - )

< N )= @ - pCr ()= X (B ().
Therefore, we obtain £~ L(BCy (1, 1)) < 0C; (f L (i, 7).

(iv) — (iii) : Similarly we obtain, X — £ V(B (1, 7)) < X -0 (f Y (u, 7)),

for  every  refuzzy  subset 4 of Y, ies O (f V)< NGB (ur)).
(i) = (v) : Let x€ X and & be an 7 -fuzzy open set in X with x € X . Since [ is r-fuzzy weakly 3 -open.
S € S < Bl (f(Cr(&r)r). Let m=Bly(f(Co(9r)r). Hence 1< f(Cp(9r)).. with 7
containing f'(x).

(v) — (i) : Let 3 be an 7 -fuzzy open set in X and let y € f(:9). It following from (v) 7 < f(C(3,7)) for
some 7] ig 7 -fuzzy [ -openin Y containing y . Hence we have, y € n < Bl (f(C; (9,7),r)). This shows that
SO < Bl (f(Cr (91,1,

ie., f isa r-fuzzy weakly /3 -open function.

(1) — (vi) — (vii) — (viii) — (ix) — (i) : This is obvious.

Theorem 2.5.

Let f:(X,7) > (Y,0) be abijective function. Then the following statements are equivalent.

() f is r-fuzzy weakly /3 -open.

(i) BC-(f(8,r) < f(Cr (3, 1)) foreach 3 is ¥ -fuzzy open of X .

(iii) BCr(f (U (@w,7),7)) < f(w)foreach @ is 7 -fuzzy closed in X .

Proof. (i) — (i) : Let @ be a r-fuzzy «closed set in X. Then we have
JX-0)=Y-f(@) <Pl (f(C;(X-w,r),r)) and so ¥ - f(@0)<Y-BC(f(I;(®,7),r)). Hence
PCr (fUz(@,r),r)) < f(@).

(iii) — (i) : Let & be a r-fuzzy open set in X . Since Cj ($,7) is a r-fuzzy closed set and

<17 (Cr (8,7),7) by (iii) we have SC7 (f(8,7)) < BCr (f (L7 (Cr(8,7),7),1) < f(Cr (8,7)).

(i) — (iii) : Similar to (iii) — (ii) .

(ii1) — (i) : Clear.

Theorem 2.6.

If f:(X,7)—>(Y,0) is r-fuzzy weakly [3-open and 7 -fuzzy strongly continuous, then f is 7 -fuzzy -
open.

Proof. Let & be an 7 -fuzzy open subset of X . Since f is r-fuzzy weakly f3-open

S SBL(f(C(8,r),7))). However, because f is 7 -fuzzy strongly continuous, f () < Bl (f(3,7))
and therefore f($) is 7 -fuzzy [ -open.
Example 2.7.
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A r -fuzzy B-open function need not be 7 -fuzzy strongly continuous.

Let X = {a, b, c}, and let T be the indiscrete topology for X. Then the identity function of (X, t ) onto (X, t ) is a f-open
function (hence weakly B-open function) which is not strongly continuous.

Theorem 2.8.

A function f:(X,7) > (Y,0) is r-fuzzy [ -openif fis r -fuzzy weakly /3 -open and relatively 7 -fuzzy weakly

open.
Proof.
Assume [ is » -fuzzy weakly /3 -open and relatively 7 -fuzzy weakly open. Let @ be an 7 -fuzzy open subset of

X and let y€ f(:9). Since [ is relatively 7 -fuzzy weakly open, there is an open subset 77 of Y for which
f&@=f(C T (%r)An. Because f is v -fuzzy  weakly [ -open, it follows that

£ < B (f(Cr(9,7),7)) Then y € Bl (f(Cr(9,7),1)) A< f(Cp(37)) A1 = f(9) and therefore

f(9) is r-fuzzy [ -open.

Theorem 2.9.

If f:(X,7)— (Y,0) is r-fuzzy contra [ -closed, then f isa 7 -fuzzy weakly /3 open function.
Proof.

Let @ be an 7 -fuzzy open subset of X . Then, we have f(3)< f(Cr(3,7))= Pl (f(Cr(3,7),7)). The

converse of Theorem 2.9 does not hold.
Example 2.10.
A 7 -fuzzy weakly [ -open function need not be 7 -fuzzy contra [? -closed is given from Example 2.2(ii). Next, we

define a dual form, called complementary 7 -fuzzy weakly /F -open function.

Definition 2.11.
A function f:(X,7) > (Y,0) is called complementary 7 -fuzzy weakly /3 --open (written as c.w.f.o) if for each

r -fuzzy openset 9 of X, f(Fr($,r)) is r-fuzzy fB-closedin Y, where Fr(9,r) denotes the frontier of &.

Example 2.12.
A r -fuzzy weakly [fF -open need not be 7 -fuzzy complementary weakly /3 -open.

Let X = {a,b,c},Y ={a,b} and w1, up,u3 € X a5 15 16 € v defined as follows:
p1(a)=0.4, 11 (b) = 0.6, 11 (c) = 0.6,

12(a)=0.4, 12 (b) =0.5, 1 (c) = 0.6,

u3(a)=0.6,u3(b) =0.6, u3(c) =0.6,

t4(a)=0.6, 114(b)=0.6, 114 (c)=0.5

us5(a)=0.5, u5(b)=0.5, p14(c)=0.4

He(a)=0.5, 16 (b)=0.4.14(c)=0.4,

Define fuzzy topology 7,0 = [X — [ as follows
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(1i/2 = {01}, ) 1i/A < {0,1},
1 . L 1
Ezfﬂ—ul, Eif;L:ﬂ4,
1
_J 1 — 1
r(ﬂ)—<2zfﬂ—,u2, >o—(ﬁ,):<5f;t:,u5, -
1
— A = 1 .
LOif - otherwise)
| OZf - otherwise |

Then the identity mapping idy :(X,7)—> (Y,0) s % -fuzzy weakly /3 -open but not
complementary weakly /3 -open.

Example 2.13.

1 -fuzzy complementary weakly /3 -open does not imply 7 -fuzzy weakly /3 -open.
Let X ={a,b} and 2,20 23 24 € 1% py,pp €l Y defined as follows,
A(a)=0.3,41(b) = 0.4, 41 (c) = 0.5,

Ao (@) =0.6,27(b) = 0.5,45(c) = 0.5,

23(a) =0.6,23(b) = 0.5,13(c) = 0.4,
A4(a)=0.3,44(b)=0.4,24(c) =04,

H1(a)=0.4,11(b)=0.7, 41 (c) = 0.5,

ur(a)=0.4,uy(b)=0.1, ur(c)=0.5.
Define fuzzy topology 7 =1 X — [ as follows

(1if 1 = {&l}, ]
z(A) = < %if/l = {21,12,13,/14 }

Oif - otherwise.
.

Y

(1i/2 < {0.1},
1 .
51]”/1 = A4,
O_(ﬂ,) = < 1 .
—ifA =
5 YA = w2,
|OZf" - otherwise

— -fuzzy
2
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. 1 1
Then the identity mapping ldX (X, 7)> Y,0) is 5 -fuzzy weakly /3 -open but not E -fuzzy

complementary weakly /3 -open.

Note:

1
Examples 2.12 and 2.13 demonstrate the independence of complementary E -fuzzy weakly /3 -openness and E -

fuzzy weakly /3 -openness.

Theorem 2.14.
Let SO(X,7) is r -fuzzy closed under intersections. If [ :(X,7) — (¥, 0) is bijective 7 -fuzzy weakly [ -

open and c.w.p.o, then f is 7 -fuzzy [ -open.

Proof.
Let & be an 7 -fuzzy open subset in X with x € &, since f is r -fuzzy weakly /3 -open, by Theorem 2.3(v) there

exists a r-fuzzy [f-open set 77 containing f(x)=y such that 7 < f(Cr(H,7)). Now
Fr(8,r)=C;(&r)—9 and thus x ¢ Fr($,r).. Hence y ¢ Fr(9,r). and therefore y e n— f(Fr($,r)).
Put 77y, =n— f(Fr(4,r)). a r-fuzzy [3-open set since f is c.w.p.o. Since y €ny,,y € f(Fr(8,r)). But
vée f(Fr($,r)) and thus y ¢ f(Fr(9,r))= f(Cr(8,7))— f($) which implies that y € f(:$). Therefore
S (&) =viny 1, € POY,0),y € f()}. Hence [ is r -fuzzy [3-open.

Theorem 2.15.
If f:(X,7) > (Y,0) isana.o.S function, then it is a 7 -fuzzy weakly /3 -open function.

Proof.
Let & be an 7 -fuzzy open set in X . Since f is a.0.S and [(C,(8,r),r)) is r-fuzzy regular open,
JU(Cr(8,7),r)) is r -fuzzy open in Y and hence

ST U (Cr(Er),r) I (f(Cr(%r),r)< Bl (f(Cr(8,7),r)). This shows that f is 7 -fuzzy

weakly [ -open. The converse of Theorem 2.15 is not true in general.

Example 2.16.
A r -fuzzy weakly [3 -open function need not be 7 -fuzzy a.o.S.

Let X:{a,b,c},Yz{a,b,c} and ], 12 eIX 20%) e[Y

m1(a)=0.3, 1 (b) =0.2, 1 (¢) = 0.7,
p2(a)=0.8, 1 (b) = 0.8, up(c) = 0.4,
v1(a)=0.8,01(b)=0.7,01(c)=0.6,
07 (a)=0.5,07 (b)=0.6,07 () =0.2.

defined as follows:

Define fuzzy topology 7 =1 X — [ as follows
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(1i/2 < {0.1}. ]
1
> 72 V25
1 .
EUF/'L — A2
’Z'(/l) = < > .
gz‘f/”t = ] N L2,
2.
ng/”t = 4] N L2,
| Oif - otherwise
(1i/2 = {0,1}, ]
1
— A =wv
o(A) =+ ? -
— A =v>o,
> 72 2
| OZf - otherwise |
Then the identity mapping id xy :(X,7) => (Y,0) is %-fuzzy weakly /3 -open but not %-fuzzy a.0.S,

1.1 1
since 17 (f({7(Ct (/1,5),5),5) =¢.

Lemma 2.17.
If f:(X,7)—>{,0) is a r-fuzzy continuous function, then for any 7 -fuzzy subset & of X,

S(Cr (I, <C(f(8,1)

Theorem 2.18.1If f :(X,7) > (Y,0) isa r-fuzzy weakly [ -openand 7 -fuzzy continuous function, then f is
a r -fuzzy [3 -open function.

Proof.

Let & be a 7 -fuzzy open set in X . Then by 7 -fuzzy weak [ -openness of [, f(F) < Bl (f(Cr(8,7),r)).
Since  f is  7r-fuzzy continuous  f(Cr($r)<C,(f(H,r)). Hence we obtain that,
F S B (F(Cr (&))< Blo (Co(F(9.1),) < Cr (U7 (Co (£ (3,7),7), 7). Therefore,

S <C-U;(f(H,r))) which shows that f(F) isa 7 -fuzzy f-opensetin Y. Thus, f isa r-fuzzy -
open function.
Since every r -fuzzy strongly continuous function is 7 -fuzzy continuous we have the following corollary.

Corollary 2.19.
If f:(X,7)—> (Y,0) isaninjective 7 -fuzzy weakly 3 -open and 7 -fuzzy strongly continuous function. Then f

is 7 -fuzzy [ -open.
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Theorem 2.20.
If f:(X,7)—>(Y,0) is ainjective 7 -fuzzy weakly [ -open function of a space X onto a 7 -fuzzy [5—connected

space Y ,then X is # -fuzzy connected.

Proof.
Let us assume that X is not 7 -fuzzy connected. Then there exist nonempty 7 -fuzzy open sets ¥ and 99 such that

il A82=¢ and 3 v $2 = X . Hence we have f(31)/\f(32)=¢5 and f(H)Vv f(P)=Y .Since [ is r-
fuzzy weakly [ _open, we have f(9)=< Bl (f(C;(3;,r),r) for i=1,2 and since 9; is r -fuzzy open and
also 7 -fuzzy closed, we have f(C(%;,7))= f(9;) for i=1,2. Hence f(%;) is 7 -fuzzy f-openin ¥ for
i=12. Thus, ¥ has been decomposed into two non-empty disjoint 7 -fuzzy [ -open sets . This is contrary to the
hypothesis that ¥ isa 7 -fuzzy [ —connected space. Thus X is connected.

Recall, that a space X is said to be hyperconnected [12, 13] if every nonempty open subset of X is densein X .

Theorem 2.21.
If X isa 7 -fuzzy hyperconnected space, then a function f :(X,7) — (Y,0) is r -fuzzy weakly [ -open if and

only if f(X) is r-fuzzy [ -openin ¥

Proof.
The sufficiency is clear. For the necessity observe that for any 7 -fuzzy open subset 9 of X,

S < f(X) =Bl (f(X,r)= Pl (f(Cr(8,7),r)).
3. r-fuzzy Weakly /3 -closed functions.

Now, we define the generalized form of 7 -fuzzy [ -closed functions

Definition 3.1.
A function f:(X,7) — (Y,0) is said to be 7 -fuzzy weakly [ -closed if SC,(f ({7 (F,r),r))< f(F) for
each closed set [ in X .

The implications between 7 -fuzzy weakly B-closed (res. 7 -fuzzy weakly B-open) functions and other types of 7 -
fuzzy closed (resp. " -fuzzy open) functions are given by the following diagram.

r -fuzzy preclosed
(7 -fuzzy preopen)

N\

r -fuzzy closed functions r -fuzzy a-closed (7 -
(7 -fuzzy open functions) > | fuzzy a-open)

(7 -fuzzy open functions) l / l

r -fuzzy Semiclosed
(7 -fuzzy semiopen) r-fuzzy weakly B-
closed (7 -fuzzy
weakly B-open)

r -tuzzy B-closed
— > | (7 -fuzzy B-open)
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The converse of these statements are not necessarily true, as shown by the following examples.

Example.3.2

An injective function from a fuzzy discrete space into an fuzzy indiscrete space is 7" -fuzzy B-open and? -fuzzy (-
closed, but neither 7 -fuzzy a-open nor 7" -fuzzy a-closed.

Example.3.3

Let X = {a,b} and Y ={p, q} Define 41,4 € X M, 1D € 1Y as follows:
A (a)=0.1,41(b)=0.2,

A (a)=0.2,49(b)=0.1,

#11(p)=0.6,11(q)=0.7,

#12(p)=0.7, u2(q)=0.6.

Define fuzzy topology 71,79 =1 X — [ asfollows

(14 = 10,1}, )

2
—ifaiA=A
3 V- 1,
71 (A) = < izfﬂ, = Ao, >
1

szﬂ, = v Ao,

Oif - otherwise |

(1if2e = {0, 1}, ]
2.
—1 —
3 U= ra,
1 .
Tz(ﬂ)=<zlf,u=ﬂ2, -
1 .
I e = 1y v 2
Oif - otherwise

Py

2
Then the mapping [ :(X,71) = (Y,72) defineby f(a)=gq, f(b) =¢q. Thenfis 3 -fuzzy o -open
, 2
and g -fuzzy o -closed but neither g -fuzzy open nor E -fuzzy closed

Example 3.4.

Let f: (X, 1) — (Y, o) be the function from Example 2.2. Then it is shown that fis r-fuzzy weakly /[ -closed which is

not r-fuzzy weakly closed.
Example 3.5.
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Let X:{a,b,c} and Y={p,q,l’}.Deﬁne /11,/12 G]X Hl, U1 E]Y

1(a)=0.3,21(b)=0.7,41(c) = 0.7
A2(a)=0.7,A2(b)=0.3,19(c)=0.3,
u11(p)=0.1,11(q)=0.3, 1 (r)=0.3
12(p)=0.3, u2(q)=0.1,u2(q)=0.1.

Define fuzzy topology 71,70 =1 X — I asfollows

(1i/2 = 10,1}, )

1

—ifA=a

Zlf 1,
Tl(ﬂ):<%i]”/1:/12, >

1

gif}tz/ll v Ao,

Ozif - otherwise

Py

(1i/2: = {O. 1}, A
1 .
S Yre = 14,
1 .
T2(,u)=<§lfu=,u2, -
1 .
Elﬁl V25 B 2]
| OZf - otherwise

as follows:

Then the mapping f:(X,71)—> (Y,7)) defineby f(a)=gq, f(b)=¢q, f(c)=r. Thenfis %-

1 1 1
fuzzy [ -closed ( E -fuzzy [? -open) but not E -fuzzy semi open ( E -fuzzy semi closed) .

Example 3.6.

Let X = {a,b,c} and Y ={p,q,r} Define /11,12 S ]X

A (a)=0.4,41(b)=0.6,41(c)=0.4
A2 (a)=0.6, (b)=0.4,2> (c)=0.4,
H11(p)=0.6, 11(q) =0.4, 1 (r)=0.5

Define fuzzy topology 71,7 = IX — I asfollows
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(1272 = {0.1}, ]
1
— A =
2ZJ" 1,
1 .
S A=Az,
1 (A) = A f -
1 .
| OZf - otherwise

(1ifze = {0,1}, )

1.
2 (1) = S UL =10, .

Oif - otherwise
Then the identity mapping id y :(X,71) > (Y,7)) defineby f(a)=a, f(b)=b, f(c) =c. Then

1 1 1 1
fis E -fuzzy [ -closed ( E -fuzzy [3 -open) but not E -fuzzy preclosed ( E -fuzzy preopen) .

Theorem 3.4.
For a function f :(X,7) — (¥, 0), the following conditions are equivalent.

(i) f is r-fuzzy weakly [ -closed.
(i) SC (f(H)) < f(Cr(H)) forevery I -fuzzy open set 3 of X .
(iii) LC(f(D) L f(Cr()) foreach 7 -fuzzy regular open subset 3 of X,

@iv) For each subset /' in Y and each 7 -fuzzy open set /' in X with f -1 (F) <9, there exists a " -fuzzy
L -openset A in Y with /<A and f_1 (F)<C:(9),,

(v) For each point y in Y and each open set ¢ in X with f_l (¥) <9, , there exists a 7" -fuzzy [ -open set A
in Y containing y and f_l <8,

(vi) PC(fU(Cr(8,7),r),r)< f(Cr(8,r)) foreachset $ in X,

iy  BC(fU(OC-(3,r),r),r)< f(OC(3,r)) foreachset 3 in X,

(viii) PC-(f(S,r),r)< f(Cr(3,r)) foreach T -fuzzy [ -openset 3 in X .

Proof. (i) > (i).  Let 3 be  any 7 -fuzzy  open  subset  of X .  Then
PC(f () =pPCr(fUr(Sr),r)< SC(fU(Cr(8,r),r),r)< f(Cr(8,r)).

(if) = (i) . Let F' be any 7 -fuzzy closed subset of X . Then,

BCr(fUr(F,r),r) < f(CoUp(F,r),r)< f(Cr(F,r))= f(F).

It is clear that: (i7) — (vii), (iv) = (v), and (i) = (vi) — (viii) — (iii) — (i).

To show that (iii) — (iv),: Let F' be a fuzzy subset in Y and let ¢ be fuzzy open in X with f_l (F)<&.
Then f_l (FYANC (X =Cr(8r),r)=¢. and consequently, F A f (Cr(X —Cr(&r),r)=4..
Since X — C,(&,r) is ¥ -fuzzy regular open, I F' A SC (f(X — C7(3,7),r)=¢ by (iii).
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Let A=Y-pBC(f(X—-Cr(47r),r).. Then A is 7V-fuzzy f-open with F<A and

@ x =B (FX=CEO LS X =17 (X =Cr(8m) < Cr(8r).
(vii) = (i) : It is suffices see that OC, (3,7) = C, ($,r) for every open sets ¢ in X .

(v) > (i) :Let F beclosedin X andlet yeY — f(F). Since f_l ()< X — F ,there exists a 7" -fuzzy S
-open A in Y with yeAd and f_l(ﬂ,) SCr(X—-F,r)=X—-1,(F,r) by (v). Therefore
ANfUF(F,r)y=¢,sothat yeY — BC(f (U (F,r),r).. Thus (v) — (7) . Finally, for

(vii) — (viii) : Note that OC; ($,r) = C(3,r) for each 7 -fuzzy [3-open subset 9 in X . The following

theorem the proof is mostly straightforward and is omitted

Theorem 3.5.
For a function f:(X,7) — (¥Y,0) the following conditions are equivalent :

(i) f is T -fuzzy weakly [ -closed,
(i) BC(fUy(F,r),r)< f(F) foreach ¥ -fuzzy [F-closed subset F' in X,
(iii) PC(fUp(F,r),r)< f(F) forevery I"-fuzzy o -closed subset /' in X .

Remark 3.6.
By Theorem 2.5, if f :(X,7) — (¥Y,0) is a bijective function, then f* is ¥ -fuzzy weakly [ -open if and
only if f is 7" -fuzzy weakly [3 -closed. Next we investigate conditions under which 7 -fuzzy weakly /3 -closed

functions are " -fuzzy [3 -closed.

Theorem 3.7.
If f:(X,7)—>(Y,0) is ¥ -fuzzy weakly [3 -closed and if for each fuzzy closed subset F of X and each fiber

f_l(y)SX—F there exists a open ¢ of X such that f_l(y)SSSCT(S,r)SX—F. Then f is 7" -
fuzzy [ -closed.

Proof. Let F is any closed subset of X and let yeY — f(F). Then f_l (VA F =¢ and hence

f_l(y) < X — F.. By hypothesis, there exists a open ¢ of X such that f_1 M<9=<C (G r=X-F..
Since f is ¥ -fuzzy [ _weakly -closed by Theorem 3.4, there exists a 7" -fuzzy [ -open 77 in Y with y € 77 and

f_l (17) < C (3, 7). Therefore, we obtain f_l (M) AF =¢ and hence 71 A f(F)=¢, this shows that

ve PCr f(F,r).Therefore, f(F) is ' -fuzzy [ -closedin Y and f is 7" -fuzzy [3 -closed.

Theorem 3.8.
If f:(X,7)—> (Y,0) iscontra-open, then [ is weakly [ -closed.

Proof. Let /' be a closed subset of X . Then, BC, f (L (F,r),r)< f(U(F,r))< f(F).

Theorem 3.9.
If f:(X,7) > (Y,0) is one-one and 7 _fyzzy weakly [3 -closed, then for every subset /" of ¥ and every open

set & in X with f_l(F)SS, there exists a 7 -fuzzy P-closed set £¢ in Y such that F < g£ and

Flw=<c 9.
Proof.

Let F be a subset of Y and let &G be a open subset of X with f_l (F)<8. Put
u=pC(fU(Cr(3r),r),r), then u isa 7 -fuzzy [ -closed subset of Y such that F < g since
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FSfPDSfU(Cr(8,7r),r)SPC(fU(Cr(Sr),r),r)= . Andsince [ is V' -fuzzy weakly [

closed, £ Ny < CL(9,7).
Taking the set /7 in Theorem 3.9 to be y for y € ¥ we obtain the following result.

Corollary 3.10.
If f:(X,7)—> (Y,0) is one-one and 7" -fuzzy weakly /3 -closed, then for every point y in Y and every open set

g in X with f -1 ()< 9, there exists a ¥ -fuzzy [f-closed set g in Y containing y such that

f_l (1) < C(8,7) .Recall that, aset F' inaspace X is 7" -fuzzy @ -compact if for each cover Q of F by
open & in X, there is a finite family 9, % .HR,....,9, in Q such that
F<I,(V{Cr(9}:i=12,...,n})[16].

Theorem 3.11.
If f:(X,7)> (Y,0) is " -fuzzy weakly [3 -closed with all fibers 6-closed, then f'(F") is 7" -fuzzy [3 -closed for

each 0-compact F' in X .

Proof.

Let F' be 7 -fuzzy & -compactandlet y €Y — f(F). Then f_l () A F =¢ and for each x € F' there is an

open U, containing x in X and C,(%y) A f_l(y) =¢.. Clearly Q={U, :x e F} is an open cover of

F and since F is r -fuzzy O -compact, there is a finite family {SXI ,19x2,19x 3x ) in Q such that
n

30
F<I;(A,r), where A= v{CT (.9xl. ):i= 1,2,..,,;1} Since f is 7 -fuzzy weakly /3 _closed by Theorem 2.5

there exists a 7" -fuzzy f-open x in Y with f_l < f_l(,u) SC,(X-ADX-I,(A,r)SX-F..
Therefore y € 1 and A f(F)=¢. Thus y € ¥ = BCr(f(F,r)). This shows that f(F) is 7 fuzzy -
closed. Two non empty subsets A and & in X are strongly separated [16], if there exist open sets & and 77 in X
with A<@ and <7 andC, (3, 7r)<C,(n,r)=¢.If A and p are singleton sets we may speak of points

being strongly separated. We will use the fact that in a 7 -fuzzy normal space, disjoint closed sets are strongly
separated. Recall that a space X is said to be 7" -fuzzy /3 -Hausdorff or in short 8 — 7o [10], if for every pair of

distinct points x and y, there exist two 7" -fuzzy [3 -opensets ¢ and 77 suchthat x€ 3 and y €7 and A =¢.

Theorem 3.12.
If f:(X,7) > (Y,0) is a 7 _fuzzy weakly [3-closed surjection and all pairs of disjoint 7 _fy77y fibers are

strongly separated, then ¥ is f —T>.

Proof.
Let y and z be two points in ¥ . Let & and 77 be open sets in X such that f_l ()€ and f_l (z)en
respectively with C, ($) A Cr(n7) =¢. By " -fuzzy [3 -closedness (Theorem 3.4(v)) there are 7" -fuzzy /3 -open

sets ' and g in Y such that y€ F and z € pu, f_l(F)SCT(S) and f_l(,u)SCT(n). Therefore
FAp=¢,because C; () ACp(17)=¢ and f surjective. Then ¥ is S —T7 .

Corollary 3.13.
If :(X,7)—>(Y,0) is ¥ -fuzzy weakly [ -closed surjection with all fibers closed and X is 7 -fuzzy normal,

then Y is S —T>.
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Corollary 3.14.
If f:(X,7)—> (Y,0) is continuous 7 -fuzzy weakly /[ -closed surjection with X is a 7" -fuzzy compact 19

space and Y isa ¥ -fuzzy T] space, then Y is 7" -fuzzy compact ff — 7% space.

Proof.
Since f is a 7 -fuzzy continuous surjection and Y is a ¥ -fuzzy T} 1 space, Y is 7" -fuzzy compact and all fibers are

¥ -fuzzy closed. Since X is 7" -fuzzy normal Y isalso S —T%.

Definition 3.15.
A topological space X is said to be ¥ -fuzzy quasi H-closed (resp. 7 -fuzzy 3 -space), if every 7 -fuzzy open (resp.

¥ -fuzzy [ -closed) cover of X has a finite subfamily whose closures cover X . A subset A of a 7" -fuzzy topological
space X is ¥ _fuzzy quasi H-closed relative to X (resp. 7" -fuzzy [ -space relative to X ) if every cover of A by 7" -
fuzzy open (resp. 7 -fuzzy 3 -closed) sets of X has a finite subfamily whose 7" -fuzzy closures cover A .

Lemma 3.16.
A function f:(X,7)— (Y,0) is open if and only if for each £ <Y , f_l (Cr(u,r)<C; (f_1 (1, 7))
[9].

Theorem 3.17.
Let X be an extremally disconnected space and SO(X,7) closed under finite intersections. Let

f:(X,7) > (Y,0) be an open weakly B-closed function which is one-one and such that f -1 (v) is quasi H-
closed relative to X foreach y in Y .If G is [ -space relative to ¥ then f _I(G) is quasi H-closed.

Proof.

Let {776( ‘a el}, (I being the index set) be an open cover of f_l(G). Then for each y e GA f(X),
f_l M <VACr(ng.r):ael(y)}=H,, for some finite subfamily I(y) of I. Since X is extremally

disconnected each C T (770{ ,7') is open, hence H y is open in X . So by Corollary 3.10, there exists a /3 -closed set

‘9)/ containing ) such that f_l(lgy)ﬁ Cz(Hy,r). Then, {77y YeEGAf(X)IVY—f(X)} isa f-
closed cover of G, G<V{C;(%y,,r):yeK}v{C (Y — f(X)} for some finite subset K of G A f(X).
Hence and by Lemma 3.16,

Gy svirThe 9y iy e kv i C - ron)
<AC (S THy iy e KpvC (L - r O < 4C (TN 9y ) v e K
S0 f_l (G)<V{Cr (Mg, r):axel(y),y € K}. Therefore f_1 (G) is quasi H-closed.

Corollary 3.18.
Let f:(X,7) > (Y,0) be as in Theorem 3.17. If Y is /3 -space, then X is quasi-H-closed.
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