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Abstract. 

 

 In this paper, we introduce and study two new classes of fuzzy functions by using the notions of r -fuzzy  -open sets 

and r -fuzzy  -closure operator called weakly r -fuzzy  -open and weakly r -fuzzy  -closed functions. The 

connections between these r -fuzzy functions and other existing r -fuzzy topological functions are studied.  
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1. Introduction and Preliminaries. 

 

Sˆostak [18] introduced the fuzzy topology as an extension of Chang’s fuzzy topology [4] and developed in many 

directions [7, 8, 17]. In fuzzy topological spaces, a weaker forms of fuzzy continuity by many authors [1, 2, 3, 6, 20]. 

Kim and Park [9] introduced r-δ-cluster points and δ-closure operators in Sˆostak fuzzy topological spaces. Park et al. 

[11] introduced the concept of fuzzy semi-preopen sets which is weaker than any of fuzzy semi-open or fuzzy preopen 

sets. In 1968, Velicko [19] studied some new types of open sets called θ-open sets and δ-open sets. In 1963, Levine 

initiated a new type of open set called semi-open set [10]. In 1993, Raychaudhuri and Mukherjee defined δ-preopen sets 

[16] and δ-semiopen sets by Park [14]. In 2008, Caldas [5] obtained θ-semi-open sets. In 2006, Shafei introduced fuzzy 

θ-closed [21] and fuzzy θ-open sets. Recently, M.Palanisamy [12] & [13] introduced r-fuzzy Z * -Open Sets and r-fuzzy 

Z* -Continuity and r-fuzzy Z * -Open Sets and r-fuzzy Z* -Continuity  sets in fuzzy topological spaces in the sense of 

Sˆostak’s. In this paper, we introduce the concept of r -fuzzy  -open sets and r -fuzzy  -closure operator called 

weakly r -fuzzy  -open and weakly r -fuzzy  -closed functions. The connections between these r -fuzzy functions 

and other existing r -fuzzy topological functions are studied. Also, discuss about some characterizations and properties 

of these notions. 

Throughout this article, we denote nonempty sets by YX ,  etc., ]1,0[=I   and ].1,0(0 =I . For 1 ,   =)(x

,    Xx  A fuzzy point tx  for 0It  is an element of 
XI  such that  

 

 

=)(ytx {

𝑡      𝑖𝑓     𝑦   𝑖𝑠 𝑒𝑞𝑢𝑎𝑙  𝑡𝑜    𝑥

0     𝑖𝑓       𝑦 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑥.
} 

 

Let )(XtP  denote the set of all fuzzy points in X. A fuzzy point tx  iff    ).(xt    
XI  is quasi-

coincident with ν, denoted by q , if Xx  such that 1)()( + xx  . 

 If   is not quasi-coincident with  , we denoted q . If A is a subset of X, we define the characteristic function A  

on X by  
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=)(xt {

1     𝑖𝑓     𝑥 ∈ 𝐴

0     𝑖𝑓     𝑖𝑓     𝑥 𝐴.
All notations and definitions will be standard in the fuzzy set theory.  

 

 Definition 2.2. [17]  

A function IXI →:  is called a fuzzy topology on X if it satisfies the following conditions: 

 (1) ,1)1()0( ==  

 (2) ),()( iviivi    for any   ,XI
ii

v 


  

(3) ),21()21( vvvv     for any 
XI2,1  .  

The pair ),( X  is called a fuzzy topological space or Sˆostak’s fuzzy topological space or smooth topological space 

(for short, fts, sfts, sts).  

 

Remark 2.3. [17] 

 Let ),( X  be a fts. Then, for every 0Ir ,  })(:{ rXI =   is a Change’s fuzzy topology on X. 

 

Theorem 2.4. [17] 

 Let ),( X  be a sfts. Then for each 
XI

,
 0Ir , we define an operator 

XIIXIC → 0:  as follows:  

}.)1(,:{),( rXIrC −=  . 

 For 
XI,  and 0, Isr  , the operator C  satisfies the following conditions:  

(1) ,0),0( =rC   

(2)  ),,( rC    

(3) ),,(),(),( rCrCrC  =  

(4) ),(),( sCrC    if ,sr   

(5) ).,()),,(( rCrrCC  =  

 

Theorem 2.5. [21] 

 

Let ),( X  be a sfts. Then for each 
XI

,
 0Ir , we define an operator 

XIIXII → 0:  as follows:  

}.)(,:{),( rXIrI =  . 

 For 
XI,  and 0, Isr  , the operator C  satisfies the following conditions:  

(1) ,1),1( =rI   

(2)  ),,( rI    

(3) ),,(),(),( rIrIrI  =  

(4) ),(),( sIrI    if ,sr   

(5) ),,()),,(( rIrrII  =  

(6) ),(1),1( rCrI  −=−
 and   

),(1),1( rIrC  −=−
.
 

Definition 2.6. [13]  
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A point x of X is called    -cluster point of  
   

if  ,)),,((  =rrUCI  for everyopen set U of X containing 

x. The set of all     -cluster point of  
 
 
 
is called

  
   -closure of    and is denoted 

 
 ).(C  

 

Definition 2.6.  

A set  
 
is     -closed if and only if   ).,( rC  =

   
The complement of a   -closed set is said to be   -open 

[13]. Then   -interior of a subset   of X  is the union of all    -open sets of X contained in 
 
 
 
.
  

  

 

Definition 2.8.  

Let ),( X  be a sfts. Then for each 
XI

,
 0Ir ,   is called  

1. r-fuzzy preopen (resp. r-fuzzy preclosed) [15]  set if ),),,(( rrCI    

),)),,(((  rrIC
 

2. r-fuzzy  -open (resp. r-fuzzy  -closed) [15]  set if ),),),,((( rrrICI    

),)),),,((((  rrrCIC  

3. r-fuzzy  -open (resp. r-fuzzy  -closed) [15]  set if )),),,((( rrrCIC    

),)),),,((((  rrrCCI
 

4. r-fuzzy  -open (resp. r-fuzzy  -closed) [5]  set if ),,( rI  =  

)),,(( rC    

The family of all r-fuzzy preopen  (resp. r -fuzzy -open, r -fuzzy -open, r -fuzzy -open) is denoted by 

)(XPO (resp. ),(XO ),(XeO ),(XO ).(XO  

 

Lemma: 2.1 [15]  

Let ,  be two subsets of  (X, )  Then:  

(1)   is r-fuzzy  -open if and only if   = I ),( r  , 

(2) X -  I ),( r   = )),(\( rXC  and =)),(\( rXI   X -  I ),( r  ,  

(3) I ),( r    C ),( r  (resp.  I ),( r  ),( rI  )), for any subset   of X,  

(4) ),,(C-),(C-),(C- rrr  =
  

),,(I-),(I-),(I- rrr  =  

 

Definition 

A space X  is called r -fuzzy extremally disconnected (E.D) [19] if the closure of each r -fuzzy open set in X  is 

open. A space X   is called r -fuzzy  -connected [1, 14] if X cannot be expressed as the union of two nonempty 

disjoint r -fuzzy  -open sets.  

 

Definition 

A function ),(),(:  YXf →  is called: 

(i) r -fuzzy  -continuous [13] if for each r -fuzzy open subset   of Y , ).,()(1  XOf −
. 

(ii)   r -fuzzy strongly continuous [3, 8], if for every fuzzy subset   of  X , ).())((  fCf  . 

(iii)   r -fuzzy weakly open [15] if ))),,((()( rrCfIf    for each       r -fuzzy open subset   of X . 

(iv) r -fuzzy weakly closed [15] if  )())),,((( FfrrFIfC    for each      r -fuzzy closed subset F  of   X .  

(v) r -fuzzy relatively weakly open [15] provide that )(f  is r -fuzzy open in )),(( rCf   for every r -fuzzy 

open subset   of   X . 
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(vi) r -fuzzy  almost open, written as (a.o.S) [13] if the image of each  r -fuzzy regular open subset   of  X  is r -

fuzzy open set in .Y   

(vii) r -fuzzy preopen [13] (resp. r -fuzzy  -open, r -fuzzy  -open ) if for each r -fuzzy open subset    of  

X , )(f   is r -fuzzy preopen (resp. )(f  is r -fuzzy β-open, f(U) is r -fuzzy α-open) set in .Y  

(viii)  r -fuzzy preclosed [18] (resp. r -fuzzy  -closed , r -fuzzy  -closed) if for each r -fuzzy closed subset F  

of  X , )(Ff  is r -fuzzy preclosed (resp. )(Ff  is r -fuzzy  -closed, )(Ff  is r -fuzzy  -closed) set in .Y  

(ix)  r -fuzzy contra-open [13] (resp. r -fuzzy contra-closed [1], r -fuzzy contra  -closed) if )(f  is r -fuzzy 

closed (resp. r -fuzzy open, r -fuzzy  -open) in Y  for each r -fuzzy open (resp. r -fuzzy closed, r -fuzzy closed) 

r -fuzzy subset   of .X   

 

2. Weakly r -fuzzy  -open functions. 

 In this section, we define the concept of  r -fuzzy weak  -openness as a natural dual to the r -fuzzy weak  -

continuity due to  and Noiri [14] and we obtain several fundamental properties of this new function.  

 

Definition 2.1.  

A function ),(),(:  YXf →  is said to be r -fuzzy weakly  -open if  

)))),,(((()( rrCfIf      for each r -fuzzy open set   of .X   

Clearly, every r -fuzzy weakly open function is r -fuzzy weakly  -open and every r -fuzzy  -open function is also 

r -fuzzy weakly  -open, but the converse is not generally true. For, 

 

 Example 2.2. 

Let   cbaYX ,,==  and  
XI2,1    ,3,2

YI ZI5  defined as follows: 

 
,6.0)(1,5.0)(1,4.0)(1 === cba 
 

,4.0)(2,5.0)(2,4.0)(2 === cba 
 

,4.0)(3,5.0)(3,6.0)(3 === cba 
 

,6.0)(4,5.0)(4,4.0)(4 === cba  ,4.0)(5,5.0)(5,6.0)(5 === cba 
 

Define fuzzy topology   IXI →= ,,   as follows  

 































=

=



=

otherwiseif

if

if

if

0

,2
2

1

,1
2

1

,1,01

)(









 

 











































=

=

=

=



=

otherwiseif

if

if

if

if

if

0

,43
2

1

,43
2

1

,4
2

1

,3
2

1

,,1,01

)(












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 



























=



=

otherwiseif

if

if

0

,5
2

1

,1,01

)( 



  

 

(i) Then the  identity mapping  ),(),(:  YXXid →
 

  is 
2

1
- fuzzy weakly  -open set but not  

2

1
-fuzzy   

weakly open. 

(ii)   Then the  identity mapping    ),(),(:  ZXXid →
 
is 

2

1

-

fuzzy  weakly  -open  but not  
2

1
-fuzzy   -open 

Theorem 2.3.  

Let X  be a r -fuzzy regular space. Then ),(),(:  YXf →  is r -fuzzy weakly  -open if and only if f is  r -

fuzzy  -open.  

 

Proof.  

The sufficiency is clear.  

For the necessity, let   be a nonempty  r -fuzzy open subset of X . For each x in  , let x be an r -fuzzy open set 

such that   ),( rxCxx . Hence we obtain that     == xrxCxx :),(:  and, 

     

)).,((

):),(((:)),(((:)()(

rfI

xrxCfxrxCfIxxff





=

=
  

Thus f   is r -fuzzy  -open.  

Theorem 2.4. 

For a function ),(),(:  YXf → , the following conditions are equivalent : 

 (i) f   is r -fuzzy weakly  -open. 

(ii) )),(()),(( rfIrIf   for every r -fuzzy subset   of  .X   

(iii) )),((1)),(1( rIfrfI  −−
 for every r -fuzzy subset   of Y . 

 (iv) )),(1()),((1 rfCrCf  −−
 for every r -fuzzy subset   of  Y .  

(v) For each Xx  and each r -fuzzy open subset   of X  containing x , there exists a r -fuzzy  -open set   

containing )(xf  such that )),(( rCf   .  

(vi) )),(()),(( rfIrIf    for each r -fuzzy closed subset   of  .X   

(vii) ))),,((()( rrCfIf    for each r -fuzzy open subset   of .X   

(viii) ))),,((())),,((( rrCfIrrCIf    for each r -fuzzy preopen subset   of .X  

(X) If  ))),,((()( rrCfIf    For each  r -fuzzy α-open subset   of  .X  

Proof. (i) → (ii) : Let   be any r -fuzzy subset of X  and ).,( rIx  Then, there exists an r -fuzzy open set   

such that    )(Cx . Then, )()),(()()(  frCffxf  . Since f
 
 is r -fuzzy weakly  -

open, 

)).,(())),,((()( rfIrrCfIf    It implies that )).,(()( rfIxf   

This shows that  ))),(((1 rfIfx − . Thus ))),(((1),( rfIfrI  − , and so, 

)).,(()),(( rfIrIf    
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(ii) → (i) : Let   be an r -fuzzy open set in X . As )),(( rCI    implies, 

))),,((())),,((()( rrCfIrrCIff   . Hence f  is r -fuzzy weakly  -open. 

 (ii) → (iii) : Let   be any r -fuzzy subset of Y .  

Then by (ii), ),()))),,((1(( rIrrCfIf  −
.  

Therefore )),((1)),(1( rIfrfI  −−
.  

(iii) → (ii) : This is obvious.  

(iii) → (iv) : Let   be any r -fuzzy subset of Y . Using (iii), we have 

)).,((1()),((1)),((1

)),(1()),(1()),(1(

rCfXrCYfrYIf

rYfIrfXIrfCX





−−=−−=−−

−−=−−=−−
 

Therefore, we obtain )).,(1()),((1 rfCrCf  −−
 

 (iv) → (iii) : Similarly we obtain, )),,(1()),((1 rfIXrIfX  −−−−  

for every r -fuzzy subset   of Y , i.e., )).,((1)),(1( rIfrfI  −−
                                                                 

. (i) → (v) : Let Xx  and   be an r -fuzzy open set in X  with Xx . Since f   is r -fuzzy  weakly  -open. 

).),,((()()( rrCfIfxf    Let ).),,((( rrCfI  =  Hence )).,(( rCf   , with   

containing )(xf .  

(v) → (i) : Let   be an r -fuzzy open set in X  and let )(fy . It following from (v) )),(( rCf    for 

some   is r -fuzzy  -open in Y  containing y . Hence we have, ))),,((( rrCfIy   . This shows that 

)),),,((()( rrCfIf  
 

 i.e., f  is a r -fuzzy weakly  -open function. 

 (i) → (vi) → (vii) → (viii) → (ix) → (i) : This is obvious. 

Theorem 2.5.  

Let ),(),(:  YXf →  be a bijective function. Then the following statements are equivalent.  

(i) f   is r -fuzzy weakly  -open. 

 (ii) )),(()),(( rCfrfC    for each   is r -fuzzy open of X .  

(iii) )())),,(((  frrIfC  for each    is r -fuzzy closed in X . 

 Proof. (i) → (iii) : Let   be a r -fuzzy closed set in X . Then we have 

))),,((()()( rrXCfIfYXf  −−=−  and so ))),,((()( rrIfCYfY  −− . Hence 

)())),,(((  frrIfC  .  

(iii) → (ii) : Let    be a r -fuzzy open set in X . Since ),( rC   is a r -fuzzy closed set and 

)),,(( rrCI    by (iii) we have )),(())),),,(((()),(( rCfrrrCIfCrfC   . 

 (ii) → (iii) : Similar to (iii) → (ii) .  

(iii) → (i) : Clear.  

Theorem 2.6.  

If ),(),(:  YXf →  is  r -fuzzy weakly  -open and r -fuzzy strongly continuous, then f  is  r -fuzzy  -

open.  

Proof. Let   be an r -fuzzy open subset of  X . Since f  is r -fuzzy weakly  -open  

)))),,((()( rrCfIf   . However, because f   is  r -fuzzy strongly continuous, )),(()( rfIf    

and therefore )(f  is  r -fuzzy  -open.  

Example 2.7.  
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A r -fuzzy β-open function need not be r -fuzzy strongly continuous.  

 

Let X = {a, b, c}, and let τ be the indiscrete topology for X. Then the identity function of (X, τ ) onto (X, τ ) is a β-open 

function (hence weakly β-open function) which is not strongly continuous.  

Theorem 2.8.  

A function ),(),(:  YXf →  is r -fuzzy  -open if f is r -fuzzy weakly  -open and relatively r -fuzzy weakly 

open.  

Proof. 

 Assume f  is r -fuzzy weakly  -open and relatively r -fuzzy weakly open. Let   be an r -fuzzy open subset of  

X  and let )(fy . Since f  is relatively r -fuzzy weakly open, there is an open subset   of Y  for which 

 = )),(()( rCff . Because f  is  r -fuzzy weakly  -open, it follows that 

))),,((()( rrCfIf   .Then )()),(())),,(((  frCfrrCfIy =  and therefore 

)(f  is r -fuzzy  -open. 

Theorem 2.9.  

If  ),(),(:  YXf →
 
 is r -fuzzy contra  -closed, then f  is a r -fuzzy weakly  open function. 

Proof. 

 Let   be an r -fuzzy open subset of  X . Then, we have ))),,((()),(()( rrCfIrCff  = . The 

converse of Theorem 2.9 does not hold.  

Example 2.10. 

 A r -fuzzy weakly  -open function need not be r -fuzzy contra  -closed is given from Example 2.2(ii). Next, we 

define a dual form, called complementary r -fuzzy weakly  -open function.  

Definition 2.11.  

A function ),(),(:  YXf →  is called complementary r -fuzzy weakly  --open (written as c.w.β.o) if for each 

r -fuzzy open set   of  X , )),(( rFrf   is r -fuzzy   -closed in Y , where ),( rFr   denotes the frontier of   .  

Example 2.12.  

A r -fuzzy weakly   -open need not be r -fuzzy complementary weakly   -open.  

Let    },{,,, baYcbaX ==  and  
XI3,2,1    

YI6,5,4 
 defined as follows: 

  
,6.0)(1,6.0)(1,4.0)(1 === cba 

 

,6.0)(2,5.0)(2,4.0)(2 === cba 
 

,6.0)(3,6.0)(3,6.0)(3 === cba 
 

5.0)(4,6.0)(4,6.0)(4 === cba 
 

4.0)(4,5.0)(5,5.0)(5 === cba 
 

,4.0)(4.4.0)(6,5.0)(6 === cba 
 

 

Define fuzzy topology   IXI →= ,   as follows  
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Then the  identity mapping  ),(),(:  YXXid →
 

  is 
2

1
-fuzzy weakly   -open but not  

2

1
-fuzzy 

complementary weakly   -open. 

 Example 2.13.  

r -fuzzy complementary weakly   -open does not imply r -fuzzy weakly   -open.  

Let   baX ,=  and 
XI4,3,2,1 

 
YI2,1 

 
defined as follows

: 

,5.0)(1,4.0)(1,3.0)(1 === cba 
 

,5.0)(2,5.0)(2,6.0)(2 === cba 
 

,4.0)(3,5.0)(3,6.0)(3 === cba 
 

,4.0)(4,4.0)(4,3.0)(4 === cba 
 

,5.0)(1,7.0)(1,4.0)(1 === cba 
 

.5.0)(2,1.0)(2,4.0)(2 === cba 
 

Define fuzzy topology   IXI →=   as follows  
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Then the  identity mapping  ),(),(:  YXXid →
 

  is 
2

1
-fuzzy weakly   -open but not            

2

1
-fuzzy 

complementary weakly   -open. 

 

Note: 

Examples 2.12 and 2.13 demonstrate the independence of complementary 
2

1
-fuzzy weakly   -openness and 

2

1
-

fuzzy weakly   -openness. 

 

Theorem 2.14. 

 Let ),(  XO  is r -fuzzy closed under intersections. If   ),(),(:  YXf →  is bijective r -fuzzy  weakly  -

open and c.w.β.o, then f  is r -fuzzy  -open.  

 

Proof.  

Let   be an r -fuzzy open subset in X  with x , since f  is r -fuzzy weakly  -open, by Theorem 2.3(v) there 

exists a r -fuzzy  -open set   containing yxf =)(  such that )),(( rCf   . Now 

 −= ),(),( rCrFr  and thus ).,( rFrx  . Hence ).,( rFry   and therefore )),(( rFrfy  − . 

Put )).,(( rFrfy  −=  a r -fuzzy  -open set since f  is c.w.β.o. Since )).,((, rFrfyyy    But 

)),(( rFrfy   and thus )()),(()),((  frCfrFrfy −=  which implies that )(fy . Therefore 

)}.(),,(:{)(  fyYOyyf =  Hence f   is r -fuzzy  -open.  

 

Theorem 2.15.  

If ),(),(:  YXf →
 
 is an a.o.S function, then it is a r -fuzzy weakly  -open function.  

 

Proof. 

 Let   be an r -fuzzy open set in X . Since f  is a.o.S and ))),,(( rrCI   is r -fuzzy regular open, 

))),,((( rrCIf   is r -fuzzy open in Y  and hence 

)).),,((()),,((())),,((()( rrCfIrrCfIrrCIff    This shows that f  is r -fuzzy 

weakly  -open. The converse of Theorem 2.15 is not true in general.  

 

Example 2.16.  

A r -fuzzy weakly  -open function need not be r -fuzzy a.o.S.  

Let    },,{,,, cbaYcbaX ==  and  
XI2,1    

YI2,1 
 defined as follows: 

,7.0)(1,2.0)(1,3.0)(1 === cba 
 

,4.0)(2,8.0)(2,8.0)(2 === cba 
 

,6.0)(1,7.0)(1,8.0)(1 === cba 
 

.2.0)(2,6.0)(2,5.0)(2 === cba 
 

Define fuzzy topology   IXI →=   as follows  
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Then the  identity mapping  ),(),(:  YXXid →
 

  is 
2

1
-fuzzy weakly   -open but not            

2

1
-fuzzy a.o.S, 

since .)
2

1
),

2

1
),

2

1
,((((  =CIfI  

Lemma 2.17.  

If  ),(),(:  YXf →
 

 is a r -fuzzy continuous function, then for any r -fuzzy subset   of  X , 

)),(()),(( rfCrCf   .  

 

Theorem 2.18. If  ),(),(:  YXf →
  

is a  r -fuzzy weakly  -open and  r -fuzzy continuous function, then f  is 

a r -fuzzy  -open function.  

 

Proof.  

Let   be a r -fuzzy open set in X . Then by r -fuzzy weak  -openness of  f , )).),,((()( rrCfIf    

Since f   is r -fuzzy continuous )),(()),(( rfCrCf   . Hence we obtain that, 

)).),),,(((())),,((())),,((()( rrrfCICrrfCIrrCfIf    Therefore, 

))),((()( rfICf    which shows that )(f  is a r -fuzzy  -open set in Y . Thus, f   is a r -fuzzy  -

open function.  

Since every r -fuzzy strongly continuous function is r -fuzzy continuous we have the following corollary.  

 

Corollary 2.19.  

If ),(),(:  YXf →
 
 is an injective r -fuzzy weakly  -open and r -fuzzy strongly continuous function. Then f  

is r -fuzzy  -open. 
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 Theorem 2.20.  

If ),(),(:  YXf →  is a injective r -fuzzy weakly  -open function of a space X onto a r -fuzzy  –connected 

space Y , then X  is r -fuzzy connected.  

 

Proof. 

 Let us assume that X  is not r -fuzzy connected. Then there exist nonempty r -fuzzy open sets 1  and 2  such that 

 = 21  and X= 21  . Hence we have  = )2()1( ff  and Yff = )2()1(  . Since f  is r -

fuzzy weakly  -open, we have )),,((()( rriCfIif    for 2,1=i  and since i  is r -fuzzy open and 

also r -fuzzy closed, we have )()),(( ifriCf  =  for 2,1=i . Hence )( if   is r -fuzzy  -open in Y  for 

2,1=i . Thus, Y  has been decomposed into two non-empty disjoint r -fuzzy  -open sets . This is contrary to the 

hypothesis that Y  is a r -fuzzy  –connected space. Thus X  is connected.  

Recall, that a space X  is said to be hyperconnected [12, 13] if every nonempty open subset of X  is dense in X .  

 

Theorem 2.21. 

 If X  is a r -fuzzy hyperconnected space, then a function ),(),(:  YXf →  is r -fuzzy weakly  -open if and 

only if )(Xf  is r -fuzzy  -open in Y . 

 

Proof.  

The sufficiency is clear. For the necessity observe that for any r -fuzzy open subset   of  X , 

))),,((()),(()()( rrCfIrXfIXff  == .  

3. r -fuzzy Weakly  -closed functions. 

 Now, we define the generalized form of r -fuzzy  -closed functions 

 

Definition 3.1. 

 A function ),(),(:  YXf →  is said to be r -fuzzy weakly  -closed if )())),,((( FfrrFIfC   for 

each closed set F  in X .  

The implications between r -fuzzy weakly β-closed (res. r -fuzzy weakly β-open) functions and other types of r -

fuzzy closed (resp. r -fuzzy open) functions are given by the following diagram.  
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The converse of these statements are not necessarily true, as shown by the following examples. 

 

Example.3.2 

An injective function from a fuzzy discrete space into an fuzzy indiscrete space is r -fuzzy β-open and r -fuzzy β-

closed, but neither r -fuzzy α-open nor r -fuzzy α-closed. 

 

Example.3.3 

Let   baX ,=  and },{ qpY = .Define  
XI2,1    

YI2,1 
 as follows: 

,2.0)(1,1.0)(1 == ba 
 

,1.0)(2,2.0)(2 == ba 
 

,7.0)(1,6.0)(1 == qp 
 

.6.0)(2,7.0)(2 == qp 
 

Define fuzzy topology   IXI →=2,1    as follows  
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Then the  mapping  )2,()1,(:  YXf →
 

 define by .)(,)( qbfqaf ==   Then f is  
3

2
-fuzzy    -open 

and   
3

2
-fuzzy   -closed  but neither 

3

2
-fuzzy  open nor  

3

2
-fuzzy  closed 

 

Example 3.4. 

Let f : (X, τ ) → (Y, σ) be the function from Example 2.2. Then it is shown that f is r-fuzzy   weakly  -closed which is 

not r-fuzzy  weakly closed.  

Example 3.5.  
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Let   cbaX ,,=  and },,{ rqpY = .Define  
XI2,1    

YI2,1 
 as follows: 

7.0)(1,7.0)(1,3.0)(1 === cba 
 

,3.0)(2,3.0)(2,7.0)(2 === cba 
 

3.0)(1,3.0)(1,1.0)(1 === rqp 
 

.1.0)(2,1.0)(2,3.0)(2 === qqp 
 

Define fuzzy topology   IXI →=2,1    as follows  
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Then the   mapping  )2,()1,(:  YXf →
 

 define by .)(,)(,)( rcfqbfqaf ===   Then f is  
2

1
-

fuzzy    -closed (
2

1
-fuzzy    -open)  but not   

2

1
-fuzzy  semi open (

2

1
-fuzzy  semi closed) .  

 

Example 3.6. 

Let   cbaX ,,=  and },,{ rqpY = .Define  
XI2,1    

YI1  as follows:

4.0)(1,6.0)(1,4.0)(1 === cba 
 

,4.0)(2,4.0)(2,6.0)(2 === cba 
 

5.0)(1,4.0)(1,6.0)(1 === rqp 
 

 

Define fuzzy topology   IXI →=2,1    as follows  
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=



=
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if

if
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1

,1,01

)(2 



  

Then the  identity mapping  )2,()1,(:  YXXid →
 

 define by .)(,)(,)( ccfbbfaaf ===   Then 

f is  
2

1
-fuzzy    -closed (

2

1
-fuzzy    -open)  but not   

2

1
-fuzzy  preclosed (

2

1
-fuzzy  preopen) .  

 

Theorem 3.4.  

For a function ),(),(:  YXf → , the following conditions are equivalent. 

(i) f  is r -fuzzy weakly  -closed.  

(ii) ))(())((  CffC   for every r -fuzzy open set   of X .  

(iii)  ))(())((  CffC   for each r -fuzzy regular open subset   of X ,  

(iv)  For each subset F  in Y  and each r -fuzzy open set F  in X  with ,)(1 − Ff ,there exists a r -fuzzy
 

 -open set   in Y   with F  and ),()(1 CFf −
, 

(v)  For each point y  in Y  and each open set   in X  with ,)(1 − yf , there exists a r -fuzzy  -open set   

in Y  containing y and ,)(1  −f , 

(vi)  )),(()),),,(((( rCfrrrCIfC    for each set   in X ,  

(vii) )),(()),),,(((( rCfrrrCIfC    for each set   in X , 

(viii)   )),(()),,(( rCfrrfC    for each r -fuzzy
 
 -open set   in X .  

Proof. )()( iii → . Let   be any r -fuzzy open subset of  X . Then 

)),(()),),,(((()),,((()),(( rCfrrrCIfCrrIfCrfC  = .  

)()( iii → . Let F  be any r -fuzzy closed subset of  X . Then,  

)()),(()),,((()),,((( FfrFCfrrFICfrrIfC =  . 

 It is clear that: ),()( viiii →  ),()( viv →   and ).()()()()( iiiiviiivii →→→→    

 To show that ),()( iviii → : Let F  be a fuzzy subset in Y  and let   be fuzzy open in X  with .)(1 − Ff   

Then .)),,(()(1  =−− rrCXCFf  and consequently, .)),,(((  =− rrCXCfF . 

Since ),( rCX −  is r -fuzzy regular open, F   =− )),,((( rrCXfCF  by (iii).  
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Let ).),,((( rrCXfCY  −−= . Then    is r -fuzzy  -open with F  and 

).,()),((1))),,((((1)(1 rCrCXffXrrCXfCfXf  −−−−−−−
 

)()( ivii → : It is suffices see that ),(),( rCrC  =  for every open sets   in X . 

)()( iv →  : Let F  be closed in X  and let )(FfYy − . Since FXyf −− )(1
, there exists a r -fuzzy 

-open    in Y  with y  and ),(),()(1 rFIXrFXCf  −=−−
 by (v). Therefore 

,),((  = rFIf  so that ).),,((( rrFIfCYy − . Thus )()( iv → . Finally, for 

 )()( viiivii → : Note that ),(),( rCrC  =  for each r -fuzzy
 
 -open subset   in X . The following 

theorem the proof is mostly straightforward and is omitted 

 

 Theorem 3.5. 

 For a function ),(),(:  YXf →
 
 the following conditions are equivalent :  

(i) f  is r -fuzzy weakly  -closed, 

(ii) )()),,((( FfrrFIfC   for each r -fuzzy  -closed subset F  in X ,  

(iii) )()),,((( FfrrFIfC   for every r -fuzzy  -closed subset F  in X .  

 

Remark 3.6. 

 By Theorem 2.5, if ),(),(:  YXf →
 
is a bijective function, then f  is          r -fuzzy weakly  -open if and 

only if f   is r -fuzzy weakly  -closed. Next we investigate conditions under which r -fuzzy weakly  -closed 

functions are r -fuzzy  -closed.  

 

Theorem 3.7.  

If  ),(),(:  YXf →  is r -fuzzy weakly  -closed and if for each fuzzy closed subset F  of X  and each fiber 

FXyf −− )(1
 there exists a open   of X  such that FXrCyf −− ),()(1  . Then f  is r -

fuzzy  -closed. 

 Proof. Let F  is any closed subset of X  and let )(FfYy − . Then =− Fyf )(1
 and hence 

.)(1 FXyf −−
. By hypothesis, there exists a open   of X  such that .),()(1 FXrCyf −=−  . 

Since f  is r -fuzzy    -weakly -closed by Theorem 3.4, there exists a r -fuzzy  -open   in Y  with y and 

),()(1 rCf  −
. Therefore, we obtain  =− Ff )(1

 and hence  = )(Ff , this shows that 

),( rFfCy  . Therefore, )(Ff  is r -fuzzy  -closed in Y  and f  is r -fuzzy  -closed.  

Theorem 3.8.  

If ),(),(:  YXf →
 
 is contra-open, then f  is weakly  -closed.  

Proof. Let F  be a closed subset of  X . Then, )()),(()),,(( FfrFIfrrFIfC   . 

 Theorem 3.9. 

 If ),(),(:  YXf →  is one-one and r -fuzzy weakly  -closed, then for every subset F  of Y  and every open 

set   in X  with − )(1 Ff , there exists a   r -fuzzy β-closed set   in Y  such that F  and 

),()(1 rCf  −
.  

Proof. 

 Let F  be a subset of Y  and let   be a open subset of X  with − )(1 Ff . Put 

)),),,(((( rrrCIfC  = , then   is a  r -fuzzy  -closed subset of  Y  such that F  since 
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 = )),),,(((()),,((()( rrrCIfCrrCIffF . And since f  is       r -fuzzy weakly 

-closed, ),()(1 rCf  −
.  

Taking the set F  in Theorem 3.9 to be y  for Yy  we obtain the following result.  

 

Corollary 3.10. 

 If ),(),(:  YXf →  is one-one and r -fuzzy weakly  -closed, then for every point y  in Y  and every open set 

  in X  with − )(1 yf , there exists a r -fuzzy  -closed set   in Y  containing y such that 

),()(1 rCf  −
. Recall that, a set F  in a space X   is r -fuzzy  -compact if for each cover Ω of F  by 

open   in X , there is a finite family n ,...,3.2,1  in Ω such that 

}),...,2,1:}({( niiCIF =  [16]. 

  

Theorem 3.11.  

If ),(),(:  YXf →
 
is r -fuzzy weakly  -closed with all fibers θ-closed, then )(Ff  is r -fuzzy  -closed for 

each θ-compact F  in X . 

  

Proof. 

 Let F  be r -fuzzy  -compact and let )(FfYy − . Then =− Fyf )(1
 and for each Fx  there is an 

open xU  containing x  in X  and  .)(1)(  =− yfxC . Clearly }:{ FxxU =  is an open cover of 

F  and since F  is r -fuzzy  -compact, there is a finite family },...,
3

.2,
1

{
nx

xxx   in   such that 

),( rIF  , where  ni
ix

C ,...,2,1:)( ==   Since f  is r -fuzzy weakly  -closed by Theorem 2.5 

there exists a r -fuzzy  -open   in Y  with .),()()(1)(1 FXrIXXCfyf −−−−−  . 

Therefore y  and  = )(Ff . Thus )),(( rFfCYy − . This shows that )(Ff  is r -fuzzy  -

closed. Two non empty subsets   and   in X  are strongly separated [16], if there exist open sets   and   in X  

with    and    and  = ),(),( rCrC . If   and   are singleton sets we may speak of points 

being strongly separated. We will use the fact that in a r -fuzzy normal space, disjoint closed sets are strongly 

separated. Recall that a space X  is said to be r -fuzzy  -Hausdorff or in short 2T−  [10], if for every pair of 

distinct points x and y, there exist two r -fuzzy  -open sets   and   such that x  and y  and  = . 

 

Theorem 3.12. 

 If ),(),(:  YXf →  is a r -fuzzy weakly  -closed surjection and all pairs of disjoint r -fuzzy fibers are 

strongly separated, then Y  is 2T− . 

 

Proof.  

Let y  and z  be two points in Y . Let   and   be open sets in X  such that     − )(1 yf  and − )(1 zf  

respectively with  = )()( CC . By r -fuzzy  -closedness (Theorem 3.4(v)) there are r -fuzzy  -open 

sets F  and   in Y  such that Fy  and z , )()(1 CFf −
 and )()(1  Cf −

. Therefore 

 =F , because  = )()( CC  and f  surjective. Then Y  is 2T− .  

 

Corollary 3.13. 

 If ),(),(:  YXf →  is r -fuzzy weakly  -closed surjection with all fibers closed and X  is r -fuzzy normal, 

then Y  is 2T− . 
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 Corollary 3.14. 

 If ),(),(:  YXf →  is continuous r -fuzzy weakly  -closed surjection with X  is a r -fuzzy compact 2T  

space and Y  is a r -fuzzy 1T  space, then Y  is r -fuzzy compact 2T−  space.  

 

Proof.  

Since f  is a r -fuzzy continuous surjection and Y  is a r -fuzzy 1T  space, Y  is r -fuzzy compact and all fibers are 

r -fuzzy closed. Since X  is r -fuzzy normal Y  is also 2T− .  

 

Definition 3.15.  

A topological space X  is said to be r -fuzzy quasi H-closed  (resp. r -fuzzy  -space), if every r -fuzzy open (resp. 

r -fuzzy
 
 -closed) cover of X  has a finite subfamily whose closures cover X . A subset   of a r -fuzzy topological 

space X  is r -fuzzy quasi H-closed relative to X  (resp. r -fuzzy
 
 -space relative to X ) if every cover of   by r -

fuzzy open (resp. r -fuzzy 
 -closed) sets of X  has a finite subfamily whose r -fuzzy closures cover  .  

 

Lemma 3.16.  

A function ),(),(:  YXf →  is open if and only if for each Y  , )),(1()),((1 rfCrCf 
−−

 

[9].  

 

Theorem 3.17.  

Let X  be an extremally disconnected space and ),(  XO  closed under finite intersections. Let 

),(),(:  YXf →  be an open weakly β-closed function which is one-one and such that )(1 yf −  is quasi H-

closed relative to X  for each y  in Y . If G  is  -space relative to Y  then )(1 Gf −  is quasi H-closed. 

 

 Proof.  

Let  I : , (I being the index set) be an open cover of )(1 Gf − . Then for each )(XfGy  , 

yHyIrCyf =− )}(:),({)(1   for some finite subfamily )(yI  of I . Since X  is extremally 

disconnected each ),( rC   is open, hence yH  is open in X . So by Corollary 3.10, there exists a  -closed set 

y  containing y  such that ).,()(1 ryHCyf  −
 Then, )}({)}(:{ XfYXfGyy −  is a  -

closed cover of G , )}(({}:),({ XfYCKyryCG −   for some finite subset K  of )(XfG  . 

Hence and by Lemma 3.16,  

}:)),(1({)))}((1({}:),(1({

)}(((1{}:),((1{)(1

KyryfCXfYfCKyryfC

XfYCfKyryCfGf

−−−−

−−−−




,  

so }),(:),({)(1 KyyIrCGf −  . Therefore )(1 Gf −  is quasi H-closed.  

 

Corollary 3.18.  

Let ),(),(:  YXf →  be as in Theorem 3.17. If Y  is  -space, then X  is quasi-H-closed.  
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